Gert Buschmann

On the Zeta Function of a
General Shimura Variety



On the Zeta Function of a General Shimura Variety
© Gert Buschmann 1990, 2022

Print: BoD, 2022

Book-ID 0216944171



Introduction

LANGLANDS shows in his paper L6 how the zeta func-
tion of certain Shimura varieties can be expressed as a
product of L-functions associated to automorphic repre-
sentations of the algebraic group G entering the descrip-
tion of the Shimura variety (or rather, the endoscopic
groups for G). The group G is here (roughly speaking)
obtained by scalar reduction to Q of the multiplicative
group of a certain quaternion algebra over an algebraic
number field. The paper L6 is concerned with the local
zeta function of the variety obtained by reducing the Shi-
mura variety at a (finite) place of its definition field whe-
re it has good reduction, and it is based on a description
of this reduced variety which was unproven (and which
was formerly presented in L2 and L3 - a more detailed
account can be found in M1 and M2).

L6 is a contribution to a theory which in some future
should tell us how we can generalize some classical re-
sults, such as that (due to Eichler) saying that the zeta
function of a modular curve I'\H (H the upper halfplane
and I" some congruence subgroup of SL,(Z)) can be ex-
pressed as a product of L-functions associated to auto-
morphic forms on I"\H (or otherwise speaking, to auto-
morphic representations of GL(A)), can be analytically
continued, and that the analytic continuation satisfies a
functional equation.

The proofs of the classical results are based on congru-
ence relations between Hecke operators and the Frobeni-
us, and this method does not seem to work for general
Shimura varieties. The proof in L6 is based on the Sel-
berg trace formula and is in some simpler cases presented

in L3, Ca and La (see also BL, HLR and Ra), but the ca-
3



ses studied in L6 take care of a complication that arises
by the fact that whereas an L-function is associated not to
a single representation but to an L-indistinguishable class
of representations of G(A)), two L-indistinguishable re-
presentations can occur with different multiplicity in L?
(G(Q)Z(R)\G(A))). This misfortune can be restored by
using L-functions not associated to representations of G,
but to representations of the so-called endoscopic groups
for G. Even though the endoscopic groups in the cases
studied in L6 are of a rather simple type, as they are ei-
ther elliptic Cartan subgroups of G or the quasi-split inner
form of G, L6 nevertheless gives ay in the general case.

Two circumstances, however, make it difficult imme-
diately to generalize the method of L6. A class decompo-
sition of the points of the reduced variety is parametrized
by equivalence classes of so-called Frobenius pairs, but
different domains can correspond to the same equivalence
class because the equivalence relation is of local nature
where it ought to be of global nature. Moreover the num-
ber of points left fixed by a power of the Frobenius is cal-
culated explicitly by a complicated combinatoric argu-
ment.

In Langlands and Rapoport's paper LR the first difficul-
ty is remedied - the description of the points conjectured
there 1s more elegant and will possibly cover also the case
of bad reduction (see Ra), and (exect for some standard
conjectures of algebraic geometry) it is proved to be true
in the case of good reduction for certain Shimura varieties
that parametrize families of polarized abelian varieties
with endomorphism and level structure.

In Kottwitz's paper K4 - a special case is worked out of
an idea which seems to make it possible to reduce all the
combinatoric calculations in L6 to some standard pro-
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blems in harmonic analysis: the relation between orbital
resp. twisted orbital integrals of associated functions in
the case of passing to endoscopic groups resp. the case of
base change.

In the present paper [ will show - by using primarily the
material of LR and K4, and building on the ideas and
techniques of L6 - how a proof for the expression of the
"tempered cuspidal" part of the local zeta function in
terms of L-functions in the case of a general Shimura va-
riety should be set up: the proof will build on some preci-
sely formulated conjectures of general nature. The purely
formal part of the proof is presented in section 2, section
1 is devoted to an explanation of each step of section 2,
and section 3 is a list of all conjectures used.

It is necessarily to presuppose that the reductive Q-
group G is such that G 1s simply connected - why and
how the general case can simply be reduced to this case is
explained in LR. Moreover, the Shimura variety in ques-
tion is assumed to be of compact type, that is, its points
with coordinates in C is a compact space, this amounts to
demand that G,q is anisotropic over Q.
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1 Explanation to each step in 2

1.1 Let G be a connected reductive algebraic group over
Q, and let X. be a G(R)-conjugacy class of homomor-
phisms from S = resczGn into Gz such that if h € X,
then

1) the composition G, —" S —" Gz is central (w is the
inclusion)

2) the Hodge structure on Lie(G)(R) given by S(R) = C*
—"G(R) —* Aut(Lie(G)(R)) is of type (-1, 1)+(0, 0)+
(1 > T 1)

3) ad h(7) (which is an involution on G(R)) induces a
Cartan involution on Ge(R)

(if these conditions are satisfied by one h € X, they are
satisfied by all h € X.,).

If h € X.,, and if K., denotes the centralizer of h in
G(R), then K..NGye(R)° is a maximal compact subgroup
of Gyer (R)°, and X.. can be identified with G(R)/K...

If T is a Cartan subgroup of Gz, and if h € X, factorizes
through T, then we have the composite pn: G —" Sc —"
Te, thus w, € X+(T) (11 is given by z — (z, 1)).

We can define a complex structure on X, in the follow-
ing way: for h € X, we have a decomposition of the Lie
algebra of G(C) _

gc=pnt+ nt pn
given by
ad(h(z, 22))(X) = 2" X, X, zizo" X
for X e resp. pn, £4 and py

(#%n is the complexifikation of the Lie algebra of the cen-

tralizer K' of h in G(R), and pn resp. pn is spanned by the
root vectors attached to the positive resp. the negative
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non-compact roots of T for an order that puts p, into the
negative closed Weyl chamber - h factorizes through T).
Since G(R) acts on the real manifold X.. (by conjugation),
every vector X € gc defines a complex vector field h —
X on X, and the complex structure on X, is such that

the holomorphic resp. antiholomorphic space at h is py

resp. Ph.

We choose an algebraic closure Q of Q and an imbed-
ding Q — C, and we regard Q as a subfield of C.

Let T be a Cartan subgroup of G, let h € X., factorize
through T, and let E denote the smallest Galois extension
of Q (in Q) such that if 6 € Gal(Q/E), then o, is within
the Q(G, T)-orbit of w.. Then E is independent of the cho-
ice of T and h.

If we, for any field F containing Q, let .#(F) be the set
of G(F)-conjugacy classes of homomorphisms G — Ge,
then X, (via the assignment h — ) gives rise to a class
M:c in 4/(C) (which is independent of the choice of T and
h), this class in fact comes from a class Mg in #(Q)
(K4), and E is the definition field of Mg, that is, the smal-
lest Galois extension of Q such that Gal (Q/E) leaves Mg
invariant.

We now assume that G,q is anisotropic over Q, and that
K is a compact open subgroup of G(A ). Then it is known
(M3) that for K sufficiently small there exists one and on-
ly one (up to isomorphism over E) smooth and proper va-
riety S(K) over E - the Shimura variety attached to the
data G, X, K - such that

1) S(K)(C) = G(Q)\(XexG(A)/K) (this is a complex
manifold since G(Ay)/K is discrete, and G(Q) acts freely
on X..xG(A)/K)
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2) for any Cartan subgroup T of G and h € X, such that
h factorizes through T, the following condition shall hold:
let Kt denote T(A)NK, and let E, (c Q) denote the field
of definition of w, (€ X«(T)), then it is known that there
exists one and only one (up to isomorphism over E,) fini-
te variety Sw(Kr) over E, such that

1) Si(Kn)(C) = T(Q)\T(Ap/Kr

2) Gal(E*/E) acts on mo(Su(Kr)) = T(Q)\T(A()/Kr
through the inverse of the homomorphism Gal(E*/Ey) =
To(En (Q)\Ev‘(A)) — T(Q\T(A()/Kr defined by

Ey* — < Resp Ty — N4 T,
the imbedding T — G defines a morphism Su(Kr)c — S
(K)C
The condition is now that this morphism shall be defined
over E-E; (D2).

Let £ be a Q-rational representation of G (acting on the

Q-vector space V), we can assume that £ acts as a charac-
ter v on Z (the center of G).

For almost every prime ideal p of E it will be true that
S(K) has good reduction at p, that is, there is a smooth
and proper scheme over O, whose base extension by
spec(E,) — spec(Ok,) 1s S(K)g,. We assume that p is
such a prime ideal. Let p be the prime number in ZNp.
We thus have a smooth and proper variety S,(K), called
the reduction of S(K) modulo p, over the finite field k =
Oxp/ pOk, = Fq, for which the previous is the base-change
by Ok, — K, here q =p"and r = [E,:Q;] (independent of
»2Ip since E is Galois).

In order to define the zeta function of S,(K) w.r.t. the
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representation & we need a locally free sheaf of Q¢-vector
spaces Fe,(K) over S,(K)(x) and an action of Gal(i/x) on
F: ,(K) which commutes with the action of Gal(x/k) on
S,(K)(x), here € is an arbitrary prime number different
from p.

This shaef is constructed in the following way (LI):
G(Qy) acts on V(Q) by &. Let V(Z,) be a compact open
subgroup of V(Q¢) which is invariant under the action of
K. If V(Z) = V(Q)NV(Z,), then V(Z) is a lattice in V(Q),
and V(Z,) = V(Z)®Z,. K acts on V(Z,)/L"V(Zy) = V(Z/
€"Z) (n € N) (finite group). Let Ko be a normal open sub-
group of K acting trivially on V(Z/€"Z). Then K/K, acts
on V(Z/€"Z). And K/K, acts also on S(Ky) through mor-
phisms defined over E (if g € G(Ay) and g'K'g c K, then
right multiplication by g will induce a map S(K')(C) —
S(K)(C) which is the map of points in C of a morphism
S(K") — S(K) defined over E). The projection S(K,)(C)
— S(K)(C) is the map of points in C of a morphism S(Kj)
(C) — S(K) defined over E. This morphism identifies
S(K) with the quotient variety of S(Ko) w.r.t. the action of
K/Ko. V(Z/E"Z)xkx0S(Ky) 1s a scheme over S(K). If we
reduce this modulo p, then the set of points with coordi-
nates in k defines a locally free sheaf of Z/¢"Z-modules
over S,(K)(x) on which Gal(x/k) acts. If we take the limit
for n — oo and tensorize with Q., we get the wanted sheaf
F: ,(K) over S,(K)(x).

Let @, denote the Frobenius in Gal(i/x) (and also a
Frobenius element for p in Gal(E/E)). And let, for j € N,
k! denote F{ = F,", where n = jr. Then S,(K)(k') is the set
of fixed points for @,/ on S,(K)(x), and for x € S,(K)(i)
@,/ will induce a linear endomorphism on the fibre of
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F: ,(K) over x, we denote this endomorphism by (®,)..
The zeta function of S,(K) w.r.t. & is now defined by

log Z(s, $,(K), £) = T loo, ] S tr(®,),
(sum over x € S,(K)(x'))

(s € C,Re s >> 0, w, is an uniformizer in E,). If € is tri-
vial
Ti” Iwz,ljs/j |Sp(K)(Kj)| =log I (1 - |O\)p|s~deg(x))-l
(product over x € S,(K))

(for Re s >>0), here IS,(K)l is the set of closed points
(over k) of S,(K) and deg(x) = [k(x):x]. If it was true that
S(K) in reality was defined over Og, then IS,(K)l would
be IS(K)l,, (the set of closed points x (over Og) of S(K) for

which the kernel of Or — k(x) is p), and we would have
had

IT, prime or £ Z(8, Sp(K)) = I x e isaey (1 = k(x)I*)!

which is the Hasse-Weil zeta function of S(K) (over Ok)
(strictly speaking the Hasse-Weil zeta function is the in-
verse of this).

Although we will not use cohomology for the calculati-
on of T tr(®,")x (sum over x € S,(K)(x')), we will for la-
ter remarks need a formula which expresses this term in

terms of the action of ®, on cohomology spaces.

We regard S(K) as being defined over E. If p: U —
S(K) is an étal covering of S(K), the set (:(K)z"2(U, p) of
sections of the base change by p of the scheme V(Z/
£"Z)xxx0S(Ko) over S(K) has a Z/"Z-module structure,
and (:(K)z."; is a locally free sheaf of Z/{"Z-modules on
the étal topology of S(K)z. By taking limit and tensoring
with Q¢ we get a locally free sheaf of Q-vector spaces on
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the étal topology of S(K)z.

Gal(E/E) acts on the Z/€"Z-module H's(S(K), C(K)z:"2)
(0 <1 <2dim S(K)), and so on the Q¢-vectorspace Q(®z,
(limy . H'«(S(K), C(K)z"2)) = H'a(S(K), C(K)ar). Because
our assumptions on p the action of Gal(E,/E,) is unrami-
fied, the action of @, is well defined. By the Lefschetz fi-
xed point formula we have

2 tr(®,’) (sum over x € S,(K)(i))
= Zig™ ™ (1) tr @,/H'o(S(K), C(K)a).

We could consequently have defined the zeta function of
Sp(K) w.r.t. £ by

Z(s, Sy(K), ©)
= HizozdimS(K) det(l _ |(Dﬁ|s (D;)|Hiét(S(K), Cé(K)QE))(-l)A(Hl)

- the right hand side is a rational function in lo,° with co-
efficients in Z (and independent of £), therefore the right
hand side has meaning (see D1).

If we choose a h € X, then the set

G(QW(VeeaargV(£)xg))/KK,

where gV (2) = V(Q)NgV(Zs) (g = g--gr), defines a lo-
cally free sheaf of Z-modules over S(K)(C) = G(Q)\
G(A)/K.K (and independent of the choice of h). If we
tensorize this sheaf with Z/€"Z, we get the sheaf over
S(K)(C) defined by V(Z/€"Z)xxxoS(Ko))(C), and if we
tensorize with Q, we get the sheaf over S(K)(Q) defined
by V(Q)x60):G(A)/K.K, this sheaf of Q-vectorspaces
over S(K)(C) is denoted by F:(K).

1.2 Let £, W and D be the gerbs (over Q, R, and Q)
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constructed in LR - thus W is Gu(C) — Wr — Gal(C/R),
for £ and D see the appendix. And let, for £ prime and Q;
an algebraic closure of Q, G be the trivial gerb over Qy, -
that is 1 — Gal(Q¢/Q.) — Gal(Q¢/Qy). Let G resp. Ga, be
the neutral gerb (over Q) associated to G resp. G, = G/
Guer - thus G is G(Q) — G(Q)xGal(Q/Q) — Gal(Q/Q).

LetCo: W —» £, (i D, — L and, for L #p, {i: Gi— £
be the (local) homomorphisms of gerbs constructed in LR
(see appendix). In order to define , resp. {; an imbedding
Q — Q, resp. Q — Qy is needed. The first is one for
which the induced place of E (c Q) is that given by the
chosen prime ideal p, the second is arbitrary.

To X is associated an equivalence class of homomor-
phisms &.: W — G: we define the homomorphism &°.: W
— G by w: Gn(C) — S(C) (z — (z, 2z)) on the kernel and
T — (-1, 1)1 (recall that Wr is generated by C* and a t
such that 7 = -1 and 1z = z, 1 is the non-trivial element in
Gal(C/R)) and choose h € X, and let . be the composite
W —%* Gs —" Ggz. It is trivial that the equivalence class
of &, is independent of the choice of h. We choose one of
these &..

For each prime number £ we have a canonical neutra-
lization {;: Gy — G.

If we compose an element p: G, — Ge of Mc with G
— Gua, then we get a coweight [, € X+(Gyp) which is in-
dependent of p. To p., We can associate a homomor-
phism Y. : £ — Ga (see LR, p. 144 or appendix).

A homomorphism ¢: £ — G is called permissible if

1) £ —% G — G is equivalent to y,a» (global condition)
2) ¢°C 1s equivalent to &, (local condition at o)
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3) the set X,, constructed below is not empty
(local condition at p)

4) for € # p (and for an arbitrary imbedding Q — Q) is
@°(; equivalent to &; (local condition at { # p).

Let ¢: £ — G be an arbitrary homomorphism. We assu-
me in the rest of this paper that E is unramified at p. Let
Q," be a maximal unramified extension of Q, in Q, con-
taining E,.. £, = ¢°(,: D — G factorizes through D — D"
for some unramified extension L of Q, (in Q,"™) (LR, p.
120). Thus we have a homomorphism of gerbs for some
finite Galois extension L; of Q:

L — D, — Gal(L/Qy)

! 1S !
G(L1) — G(L)xGal(L./Q,) — Gal(L./Q,).

As shown in LR, p. 167, we can, by enlarging L and re-
placing &, by an equivalent, say &,' = ad(v)°, for v €
G(Q,), assume that L, = L, so that we have a homomor-
phim of gerbs:

L>< — WL/QP — Gal(L/QP)

l & l
G(L) — G(L)xGal(L/Q,) — Gal(L/Q),

for some unramified extension L of Q,.

Let « denote the completion of Q,"". &,' determines a ho-
momorphism &: Wy g, — G(k)xGal(Q,"/Q),) (via the ca-
nonical homomorphism Wy, — Gal(L/Q,)). Choose a w
€ Wy, which is mapped to the Frobenius ¢ of Gal(Q,"/
Qp) and define F € G(x)xGal(Q,"/Q,) and b € G(x) by F
= bxc = §(w). G(x)xGal(Q,"/Q,) acts on the Tits building
B(G, x).

We assume now that K has the form K = K,'KP, where
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K, is hyperspecial, that is, the stabilizer in G(Q,) of a hy-
perspecial point xo of B(G, «) (see T1). Then Gg, is split
over some unramified extension of Q,, we assume that
Gy is quasi-split. K, is the set of points with coordinates
in Z, of a scheme defined over Z,, this scheme is also de-
noted K,. If we base change with Z, — Q,, we get Gg,. K?
is as usual a compact open subgroup of G(AP).

Let y denote G(x) X, and let X, denote {x € x| inv(x,

Fx)) = M,}, here inv is defined by

{G(x) orbits in yxy} < Ky(O\G(K)/Ky(Ox)
> X+(S)/QUG(k), S(K)) <« AK),

where S is a maximal k-split torus of Gy, and M, is the
class in #(E,) corresponding to Mg in 4(Q,) (Mg is
fixed by Gal(Q/E,) - for all this, see K4). As mentioned,
X, shall be nonempty in order for ¢ to be permissible.

Let ¢: £ — G be permissible. We introduce the notati-
on:

X ={x € G(Q) | € = ad(x)°&} for L #p

XP =Ty X (restricted product, see LR p. 168)

I, = {g € G(Qy) l ad(g)°0 = ¢}

Jo={g € G(Qp) | ad(g)°&, = &p}

J,'={g € G(x) I ad(g)5,' = &'}
G(Qy) acts simply transitively on X, (from right), there-
fore G(APy) acts simply transitively on X®. I, acts on X
(from left) and so on X". ad(v) induces a bijection J, <>
Jo'. Jo', and therefore also J,, acts on X,, (from left), and
because [,  J,, I acts on X,. Let X,(K) denote the set I,
(XpxXP/KP), this set is non-empty because ¢ is permissib-
le.

Let ® = @, denote the element F" in G(x)xGal(Q,"/Q,)
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(recall that r = [E,:Q,]). Then ® acts on X, and therefore
also on X,(K).
We assume that

SH(K)(K) = U1 Xo(K),

where the disjoint union is taken over all equivalence
classes of permissible homomorphisms ¢: £ — G, and we

assume that the action of the Frobenius on S ,(K)(x) cor-
responds to the action of ® on X,(K) (see 3.1).
For ¢ € [, and j € N we introduce the notation:

Y, = {x € X, | £'x = ®'x}

Y" = {yK" € X?/K" | y'ey € K},
here €' for € € I, denotes the element ad(v)(e) (e J,"). We
have an action of (I,). on Y,xY? (via (I,). = (J,): and
ad(v): (Jo): « (J,")e). The set (I,)\(Y/xYP) is finite.

Let ~x be the equivalence relation "conjugation mo-
dulo Z(Q)x" on I, (Z(Q)x = Z(Q)NK). Then we have a
map

Xo(K)” — o/ ~x,
given by: if {(x,, x*)} € X,(K)%, then £'x, = ®'x, and &x”
= x? for some ¢ € I, let {(x,, x*)} maps to {&}.

We can choose K? so small that

1) if € € I, has a fixed point in X,x(X"/KP), then ¢ €
Z(Q)x

2)ife, e € I, and z € Z(Q)x and €'ee = 7, then z = 1.

Then for € € I, the inverse image of {¢} by the above
map is (L,)\(Y,xYP).
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1.3 Let ¢: £— G be permissible, let € € 1, and letj
N, then, if (I,).\(Y/,xY?) is non-empty:

1) 3x € G(x)xp: £'x = D'x

2) Iy € X y'ey € G(AP)

We will call the pair (o, €) j-permissible if these two
conditions are satisfied. If ¢ = ad(g)°p and & = %¢ resp.
¢g-z for g € G(Q) and z € Z(Q)x, then (o, €) is also j-
permissible - in this case (¢, €) and (o, €) are called equi-
valent resp. K-equivalent.

Forn € N, let F" be the extension of Q, in Q," of de-
gree n.

Because of 1) £"'® has a fixed point in G(k)-xo, there-
fore there exists a ¢ € G(x) such that c(e"'®)c’ = 6" (K4,
p. 291). Define 8 € G(x) by & = cbo(c)” (recall that ® =
(bxo)"), then 8 € G(F™) (n = jr) and Nmg";o,0 = ce'c”’. The
o-conjugacy class of 6 in G(F") is determined by the
equivalence class of (o, €).

Because of 2) y = y'ey belongs to G(APy). The conjuga-
cy class of y in G(APy) is determined by the equivalence
class of (¢, €).

For n=jr, let f,,, € JAG(F"), K,(Or")) be meas
(Koy(OF™/(Zx),)" - the characteristic function of the coset
in K, (Os")\G(F™)/K,(O") corresponding to M,, € SAF™)
((Zx), = Z(Q,)NK,). Let o° € FAG(AP), KP) be meas(KP/
(Zx)P)" - the characteristic function of KP ((Zx)? = Z(AP)
NKP).

Let G%(Q,) denote the o-centralizer of ¢ in G(F"), that
is, {g € G(F™) | g'80(g) = 8}, this subgroup is defined
over Q, (if G~ = Resr"/,G and 6 is the Q,-automorphism
of G~ corresponding to the action of 6 on G(F") =
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G~(Qp), then G° 1s the set of fixed points of ad(5)-0).

The following computation of I(I,):\(Y',xY?)l is the prin-
cipal idea of K4.

We have bijections

Y, & {g,Ky(0r") € G(F")/K(O") | fNp,n((gp)_%G(gp) # 0}
(grXo — cg K, (0F"))
and
Y? < {g'K" € G(AP)/K" | 9"((g")'vg") # 0}
(yg'K? — g’K").
With the use of these we get

(L) \ (Y, x YP)l
= meas(K,(0s")/(Zx),) meas(K"/(Zx)")
21 pa((gr)'00(gp)) 0°((2") 've")
(sum: {(gp, 8"} € (L) MGE)XG(A))/Ky(Or")xK")
= £ 5a((2:)"80(gy)) 9°((€) 'ye") dg,dg’/dh
(integral: (I,).Zx\(G(F™)xG(AF)))
= meas((Ip):Z\G(Qp)xG (A1) TO(S, £p.) Oy, ¢°).
Here (I,): acts on G(F") and G(AP) via the imbeddings
ad(cv): (Ip): — G°(Q,) and ad(y™"): (I,). — G,(AP), we
identify (I,). with its image in G(F™")xG(APy). (I,):Zk is
closed in G(F")xG(A ), and the intersection of (I,).Zx
with any conjugate of K,(Os")-K" is equal to Zk (this fol-
lows from condition 1) of K” in 1.2). TO(9, f) is the twis-
ted orbital integral of the function f on G(F") at § €
G(F"™), and O(y, o) is the orbital integral of the function ¢
on G(Ap) aty € G(AP). The measures on G(F"), G(A )
and (I,).Zx are arbitrary, and the measures on the compact
open subgroups resp. K,(O¢"), K and Z are the restricti-
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ons, the measures on G%(Q,) and G,(AP) are also arbitra-
ry.

1.4 Let “G" denote the connected L-group of G. It is pro-
vided with a Cartan subgroup “T°, a Borel subgroup "B°,
an action of Gal(Q/Q) leaving these subgroups invariant,
and for a Cartan subgroup T of G we can choose an iso-
morphism X«(T) < X*(*T°) (determined up to compositi-
on with a Weyl-group action). Let Z denote the center of
*G’. Z is connected because Gy is simply connected.

The class Mc determines a Weyl-group orbit , in X"
(“T°). The restrictions of the characters in Q, to Z is one
and the same character and is denoted by ..

Recall that G is assumed to be unramified over Q,, that
1s, quasi-split over O, and split over some unramified ex-
tension of Q.

Let, for € € G(Qp)ss. (s.s. = semi-simple), M. denotes
the centralizer in Gg, of the maximal Q,-split torus in the
center of (Ggp)e.

Let, forj € N, G(Qp)" (n = jr) denote the set of elements
€ in G(Qp)ss. such that:

there exists a Cartan subgroup T of M, and a p € X«(T)
such that:

1) u is defined over F"

2) the class in .#(F™) containing p is M,

3) if Z is the center of the connected L-group "M’; of
M., and if u; € X'(Zwe) is the restriction of u (via the Car-
tan subgroup “T’. and an isomorphism X«(T) < X(*M")
used in the construction of "M’), then Nmg" o, is the
image of € by the map A: M(Q,) — X'(Z)%“'® ¢on-
structed in K4, p. 298 (M is split over an unramified ex-
tension of Q, since Gg 18).
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In G resp. Ggv (v place) stable conjugacy is the same as
G(Q)- resp. G(Qy)-conjugacy (because G is simply con-
nected).

Ife € G(Q,)" and €' € G(Q,) is stably conjugate to &
(modulo Z(K),), then €' € G(Qp)" (LR, Lemma 5.17).

Let G(Q)"» denote {g € G(Qy)ss. | g € G(Qp)" and g is
elliptic at infinity}.

Let ~x denote the equivalence relation "G(Q)-conjuga-
tion modulo Z(Q)x" on G(Q).

Ife € G(Q)"x and €' € G(Q) and € ~k €' (that is, €' and ¢
are stably conjugate modulo Z(Q)k), then €' € G(Q)"-..

We now assume that the Hasse princip is true for Gge
(this 1s true if Gaer has no Es factor). Then if (o, €) is a j-
permissible pair, there exists a €' € G(Q) such that € ~k €',
and such a €' belongs to G(Q)"», and, conversely, if €' €
G(Q)", there exists a j-permissible pair (¢, €) such that €
~k € (LR, Satz 5.21).

1.5 Let, for ¢ € G(Q)", P; denote the set of G;-equiva-
lence classes of permissible homomorphisms ¢: £ — G
such that (o, €) is j-permissible. Then P, # @ and every j-
permissible pair (¢, €) is equivalent to a pair (¢, €), where
e € G(Q)'xand ¢ € P..

For ¢ € G(Q)". there exists a € € G(Q)", such that € ~x
g, and such that for ¢ € P; the following condition is sa-
tisfied: if L (c Q) is a Galois extension of Q and m € N,
both chosen so large that ¢ factorizes through %", then
¢(8) € G(Q) for m divisible by m and sufficiently large
(for the notation see appendix). Such a ¢ is called favou-
rable. In fact, if € is favourable, then for every ¢ € P, the
restriction of ¢ to the kernel of #is independent of ¢ and

it maps into the center of G; (LR p. 190 and p. 194). We
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choose a set of favourable representatives in the ~x-equ-
vivalence classes of G(Q)", thus every j-permissible pair
(9, €) 1s K-equivalent to a j-permisible pair (¢, €) where €
is a such representative, and ¢ € P..

For ¢ € P (¢ favourable), let 7 denote Gy(0m) (m suffi-
ciently large - J is independent af m because Gger 1S simp-
ly connected), let 7, denote the inner twisting of 7 by ¢ (if
0(ts) = 86 X6 (so € G(Q), 6 € Gal(Q/Q) then 6 — ad(s,) is
a cocycle in Aut(7(Q)) because ¢(Q(L, m)) < center 7),
and also let 9 denote the centralizer in Gg, of the image of
the kernel of D by &, = ¢°{,, and let 9, denote the inner
twisting of 9 by &,. Then 7,(Q) =, and 9,(Q,) = J,, and
Jop < 9 and (Iy)qp < 9. Moreover G; 9, and if (G), de-
note the inner twisting of G by ¢, then (G¢)o < 9. (9¢)=
(and ((Gg)y)=) is independent of ¢ € P, in fact, &, (see
1.2) defines an inner twisting Gr' of Gz (because it maps
the kernel of W into the center of G), Z(R)\G:'(R) is
compact (LR p. 165) and (9,)= (and (Ge),)z) is a sub-
group af G='.

For ¢ € P, let v e G(Q,), ¢ € G(k), 8 € G(F"), y €
G(AP) andy € G(AP) be as in 1.3. Then we have an
isomorphism ((9,):)(Qp) <> G°(Q,) given by ad(cv), and
an isomorphism (G.),(AP) < G,(AP) given by ad(y™).
Therefore we have

meas((Lo):Zx\(G%(Qp)xG(A )

= meas((J9):(Q)Zk\(Iy)( A1)

= meas((Ge)o(Q)Z\(Ge)o( A1)

(because ((94):)ap = (9o): - see K4).

For a reductive connected algebraic group G, the sign
c(G) is defined in K2. We introduce the following abbre-
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viations

€ = ¢(((Ge)o)x) = c(((Ge)="))

¢p = C(((Ge)o))ap) = c(G%)

¢? = c(((Ge)o))a’s) = c(Gy),
then c..c,c” = 1.

1.6 We choose a measure on Z(R), and for each ¢ € G
(R). (e = elliptic) we choose a measure on G¢(R) such that
if €' and ¢ are stably conjugate (and therefore Gy is an in-
ner form of G;) the measures on G¢(R) and G,(R) are
compatible. Then we have a measure on G;'(R) for each ¢
€ G(R). (recall that Z(R)\G,'(R) 1s compact).

We define a function a: G(R) — R by

a(e) = c(G:) tr {(e)/meas(Z(R)\G¢'(R))
if ¢ € G(R). and 0 if € € G(R)\G(R)..

Let, for a reductive Q-group G in whose center the cen-
ter Z of G can be canonically imbedded, and for which G
= has an inner form G=' such that Z(R)\G.'(R) is compact,
7(G)x denote meas(G(Q)Z(R)Zx\G(A)). Then we have
for e € G(Q)"x and ¢ € Px:

7(G)x = meas(Z(R)\(G.)='(R))
‘meas((Ge)o(Q)Zk\(Ge)o( A))

(recall that the measure on (G.)y(Ay) is defined by the
isomorphism (Ge)o(Ar) > (G%)(Qp)xGy(AP).

1.7 In this section we let I" and Iy (v place) denote resp.
Gal(Q/Q) and Gal(Q/Qy).

If G 1s a connected reductive Q,-group, we denote by
B(G) the group G(x)/~, where ~ is the equivalence re-
lation "o-conjugation" (that is, g' ~ g" < 3g € G(x): g' =
gg"o(g)"! (o the Frobenius of Gal(i/Q,)), and by B(G)s, the
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subgroup of basic elements (see K5). Then we have an
isomorphism B(G), <> X*(Z'?), where Z is the center of
the connected L-group of G, and a homomorphism B(G)s,
— X*(Z)™®Q with kernel H/(Q,, G) = m(Z™)".

Forj € N and € € G(Q,)" we introduce the notation:

Pr.= {8 € G(F") | 3c € G(k): Nmg"/,0 = cec” A d is
mapped by G(k) — Ga(k) — B(Ga) — X*(Z') to the
restriction of W, € X*(Z)}/~,

®". = {b € G(x) | Ac € G(x): Nmp"5,b = &(c'6"(c)) A b
is mapped by G(k) — Gup(k) — B(Gw) — X*(Z'™) to the
restriction of w, € X*(Z)}/~

and, if by € @", then a conjugation on G¢(k) is defined by
g — 6'(g) =beo(g)bo" (because Nmg™,bo € center G(k)
for m suffenciently large), and we let

®.={a e G.(x)In' € N,b € Gy(k): Nm's" g2 =
b'6™(b) A a is mapped by G(k) — Gup(k) — B(Gua) to the
identity }/~'
(here Nm' is the norm associated to ¢' and ~ resp. ~'is
the equivalence relation "o-conjugation" resp. "o'-conju-
gation").

Let G.' denote the inner twisting of G, determined by &',
let maps

¢: B(G:)o — X*(Z:)"®Q
and

¢": B(G:)y — X*(Z,)'"®Q
be as above (Z; is the center of the connected L-group of
G, and G;'), and let

y: B(Ge)o — B(Gua)
and

y': B(G:)o = B(Gu)
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be the projections. Then we have

P = 9" (0)Ny"'(0) = ker(H(Qy, G:') — H'(Qp, Gun))
and

" = o () Ny (lZ'P)
where T = Me)l(Zme)'? (see 1.4), we have used that X*
(Zne' ")®Q = X*(Z.)""®Q and B(Gw) = X*(Z").

We have a bijection

D, — O,
given by a — ab,, and a bijection
Q" — V',
given by b — cbo(c)”'. We identify @". and P"..

For ¢ € G(Q,)" we construct an element b, € @, in the
following way: we choose an elliptic Cartan subgroup T
of G, and a coweight p € X«(T) which is M, -conjugate to
a u satisfying the condition in 1.4, then the homomor-
phism &,: D — T(Q,)xI, (see LR or appendix) is basic
for G., that is, if we by the procedure of 1.2 construct a
homomorphism &: Wy g, — T(x)xGal(Q,"/Q,) for some
unramified extension L of Q, (in ) and let §(w) = bxo,
then b is basic in G¢(k) (because T is elliptic in G;), and
we take b, = {b}. The element in X*((Z.)"") correspon-
ding to b, is pl(Z:)"* (we have chosen an identification
X«(T) > X* ("T%:.)), b: can also be constructed as fol-
lows: choose (T, p) as above, then we can choose a k-split
Cartan subgroup T' of M, such that the image of T' in
(M;)aq 1s anisotropic and a p € X«(T') such that p' is M,-
conjugate to W, and now the homomorphism & ,: D —
T'(Q,)xT’, already has the wanted form (that is, it comes
from a homomorphism &..: Wy g, — T'(L)xGal(Q,"/Qy),
where L splits T'), therefore the corresponding "b" is
simply p'(p) (e T'(L)), and because &, and &, are M,-
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conjugate, that is &, = ad(u)°&,, for some u € M,(Q,) (see
LR, p. 172), we have b =u""t'(p)o(u') € Gu(x) if we write
u=u'v foru' € My(Q,") and v € G(Q,).

The last (by 3.2) and the last but one (obvious) equation
of this paragraph are independent of the choice of b, (i.e.
of (T, w).

For p € £(G/Q,) we have a bijection

0°: @", & D,

given by {b} — {gbo(b)'} if p is given by c — g'o(g)
(e G(Q,), o € T,), and g is chosen in G(Q,"™). And if we
choose a pair (T, p) as above, we have a bijection

h: £(G/Q,) < O,
given by p — (0°)'(b,.), here b, is defined by (*T, #u) (g
e G(Q,)) chosen such that p = {g'o(g)} € &(T/Q,), it is
possible because T is elliptic in G;). We have h({g"'c(g)})
= {bg'o(g)} if b. = {b}.

Let € € G(Q)"% and assume that € is favourable. Choose
@o € P.. Then @y determines a by € @"; and a yo € G(A )
(see 1.3) and a twisted form G.' of G..

Let K(G./Q) denote the set of elements mo((Z./Z)") for
which the associated element in H'(Q, Z) is locally trivial.
K(G,/Q) is a group, and if we let X denote the group
(mo((Z:/Z)"))P and, for every place v, let X, denote the
subgroup obtained by restricting to m((Z/Z)"), the kernel
of 1((Z/2)")° — mo(Z":), then

K(G,/Q)° = X/ I, X..

Because &(G., Q,) (v place) is the kernel of (mo(Z"":))°
— (mo(Z"))P, we easily see that we have a natural homo-
morphism

&(Go/Qv) — K(G:/Q)".
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We can also construct a map

D", — K(G,/Q)

in the following way: choose a Cartan subgroup T of G,
which is elliptic in G(R) and a h € X.. which factorizes
through T (¢ is elliptic in G(R)), then the restriction of
to (Z)'” is independent of the choices (LR, p. 184, Z. can
be canonically imbedded in “T°, and we have identified
X+(T) and X*(*T%)), and the restriction of uy to Z' is pl
Z'*, therefore we can construct a character A of ker(Z. —
(Z./Z)") whose restriction to (Z.)'™ is pl(Z:)" and whose
restriction to Z is L, furthermore, if b € @, then because
®". = B(G.)v, a character p, of (Z.)'" is attached to b, and
the restriction of w, to Z' is w,IZ", therefore we can con-
struct a character A, of ker(Z. — (Z./Z)"") whose restricti-
on to Z'™; is p» and whose restriction to Z is p,. Now, if A
and A,' are the restrictions of A, and A, to ker(Z. — (Z./
Z)"), then A,-(\.")" is a character of (Z./Z)", and this is tri-
vial on the identity component, thus we have a character
in mo(Z,/Z)") and so an element of K(G./Q) - this element
1s independent of the choices.

We consequently have a map

B: ®"x& (G, APr) — K(G./Q)".

Also, we have a commutative diagram

(a, p) —  (abo, ppo)
O,'x&(Gy, APs) & D" x&(G,/Q)°
7 14
ker(H'(Q, G:") — (H'(Q, Ga)xH'(R, G)) <> P,

the lower map maps the cocycle c: I' — G,'(Q) to its pro-
duct with @, (€ P.), it is a bijection (LR, Lemma 5,26),
the vertical maps are resp. the natural map and the map 4

given by ¢ — (9, y) (see 1.3, recall that we have identi-
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fied ¥". and @";).

If we choose a Cartan subgroup T of G (elliptic in G(R)
and in G(QP)), an h € X, which factorizes through T and
a u € X«(T) which is M¢-conjugate to a p satisfying the
condition in 1.4, then p - w, determines an element in
& (T/R) (via the Tate-Nakayama isomorphism), and p(b.)
is equal to the image of that element in K(G./Q)".

For k € K(G./Q) define G*: ¥":x& (G, APr) — C by

G*(3, p) = k(B(3, p))-c(G°s) TO(S, f ) ¢(Ga:) O, 9°).
Then we have for ¢ € P,
G (A(9)) = c(G%) TO(S, £pn)-c(Gy) Oy, ¢°)
(if A(p) = (3, p)) for any ¥ € K(G.:/Q), and
> G0, p) (sum over k € K(G./Q)) =0 for (5, p) ¢ A(P:)
(LR, Satz 5.25).

The number of elements in P, which by 4 are mapped to
a given element in the image is always

i(e) = lker(H'(Q, G.) — H'(Q, Ga)xH'(A, G))l

-1(g") =1(e) if € ~x €' (LR, p. 193).
Now we can rewrite (6)
X ¢c(G%) TO(S, fpn)c(Gy)O(y, ©°) (sum over ¢ € P;)
=i(e)1K(G:/Q)I" Z X G*(5, p)
(sum over k € K(G:/Q), (3, p) € Y":x&(G:, APr))
=i(e)1K(Gs/Q)I" Z ko L — )
(2 k(p)-c(G%) TO(O, £5a))
(Z K(p)-c(Ga:)-OCe, 0") (8 = k(p))
(sum over k € K(G:/Q), p € &(Ge, Qp), p € &(G:, APy))
=1(e) 1K(G:/Q)1" T 1ot — )

‘(2 15(p)¢(Gpe)- O(%, )
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(2 1(p)-c(Gpe) O, 7)),

K, Kp and k? are defined by £(G., Q,) — K(G./Q)®, and
f, . 1s the image of f,, by the base-change homomor-
phism SJAG(F™), Ky,(O")) — #AG(Q),), K,) (see 3.2), we
have used 3.2 and that for p € £ (G, Q,) is B(h(p)) =
B(b.) - the image of p by &(G., Q) — K(G./Q)".

1.8 A subscript e will denote "elliptic".

Let & denote the set of (equivalence classes of) ellip-
tic endoscopic data (H, s, n) for G (K3, thus H is a con-
nected reductive quasi-split group defined over Q, ) is an
imbedding of the connected L-group "H° of H into "G", s
belongs to the center Z" of "H’, and the image of ) is the
connected component of the centralizer of n(s) in “G°).

We have a bijection between the set of (equivalence
classes of') pairs ((H, s, 1), v), where v € H(Q)eq, 1)-ree
and the set of (equivalence classes of) pairs (g, k), where
e € G(Q). and ¥ € K(G.:/Q) (K6, thus vy is "the image" of
€ (see below), and since H, is an inner form of G, their
connected L-groups are isomorphic, and so Z" can be ca-
nonically imbedded in Z., and « is the element of mwo((Z.
/Z)") containing s € Z" < Z,).

For each (H, s, ) € & we choose, once and for all, a
continuous extension n': "H°xLq — “G°xLg of n which
commutes with the projections on L (L is the Langlands
group, see 3.10 - ' exists because the center Z of "G” is
connected). Since we have chosen an imbedding Q — Q,
for each place, we have a continuous homomorphism L,
— L for each place (canonical up to conjugation by an
element of L), and n' can be uniquely lifted to a continu-
ous extension n,": "H’xLg, — “G°xLg, of n which commu-
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tes with the projection on Lg,.

We choose local transfer factors A(y, €) (v place) (see
LS1) and assume that they satisfy the global condition ITI,
Av(v, &) = 1.

Let & denote the set of (equivalence classes of) endo-
scopic data (H, s, 1) for G for which (Hz, s, 1) is elliptic,
then & — &. ¢ is elliptic at o if and only if (H, s, 1) and
v 1s elliptic at .

1.9 Here we replace n by j (recall that n = jr and lo,| =
lol") - thus j 1s divisible by r.

For each (H, s, ) € & we can assume that n)(s) € “T°,
and we choose, once and for all, a Cartan subgroup T, of
G which is elliptic at infinity, an isomorphism X«(Ty) <>
X* (*T°) which is such that this, the action of Gal(Q/Q)
on X+ (Ty) and n(s) determine (H, s, 1), and a hy € X
which factorizes through T,.

For j e 1N we let H(Q)., denote the set of elements in
H(Q)ss. which is the image of some element in G(Q).

For y € H(Q). we define the sign 1(y) as follows: cho-
ose € € G(Q)., such that y is the image of ¢, choose an
elliptic Cartan subgroup T of G which contains € and an
isomorphism X«(Ty) <> X*(*T°) arising from the relation
between y and ¢ - that is, X«(To) <> X*(*T’) comes from
the relation between G and “G°, and there is an elliptic
Cartan subgroup T" of H which contains vy, and an iso-
morphism X«(T") < X*(*T";) which comes from the
relation between H and "H’, such that the isomorphism T"
> T determined by X«(T") < X«(*T™) <" X*(*T?) > X
(T) is defined over Q and maps v to ¢)) and choose p €
X«(T) such that p is M.-conjugate to a p satisfying the
condition in 1.4, then take t(y) = (K - to)(N(s)) (We have
identified X«(To), X«(T) and X*(*T?)). 1(y) is independent
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of the choices, and t(y) = £1 because n(s)* € Z since (H,
s, M= 1s elliptic.

Let &0 € To(R) be such that y is the R-image of g, (via
the isomorphism X«(Ty) <" X*(*T°) - & is determined up
to action of the H-Weyl-group). Then

Ax(y, €)-01(8) Kae |1 - Htn) = Ay, £0)-t(&0) T(Y)
(recall that p, € X«(T) where T < G; (1.7)).
There is a (finite dimensional) representation °r,, of “G°
xGal(Qp"/E,) (unique up to isomorphism) such that it is
irreducible on "G’ having extreme "T’-weights Q, and

such that Gal(Q,"/E,) acts trivially on the "B°-highest
weight space (K4). By restriction we have a representa-
tion %r,,; of "\G"xGal(Q,"/F).

The function f,; € JAG(F), K,(OF)) in 1.3 is associ-
ted to the class function x — log? tr °r,;(x) on “G’xGal
(Q,"/FY) by the Satake transform, wg is an uniformizati-
on element in F! and d = 2<§, > = dim S(K), here p €
Q, and 9 is the half sum of the positive roots for an order
which makes p dominant (K4).

Let r,; denote the representation of “G"xGal(Q,"/Q,)
obtained by inducing °r,;. Then the function f,; €
(G(Qy), K,) in 1.7 is associated to the class function x —
(1/) 1o’ tr r,,5(x’) on “G°xGal(Q,"/Q,) by the Satake
transform.

Because G, 1s unramified, and the (H, s, 1) that contri-
bute to our sum are such that Hg, 1s unramified (see be-
low) we can assume that 1,' is unramified (n,' differs from
such by an element of H'(Wg,, Z"), this determines a cha-
racter y on H(Q,), and "f,; (see below) and A, have to be
multiplied by y), that is, the lifting of a homomorphism
Mp: "H'%Gal(Q,"/Q,) — "G'*xGal(Q,"/Qp).
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Let °r',; denote the restriction of °r,,; to "H’x Gal(Q,"/
F) (via m,). On the Cartan subgroup “T" = n(T) of “H°,
o ,; acts in accordance with Q, (regarded as a Q(*G°,
"T%)-orbit in X*(“T";). The set

H={(1- to)(M(s)) I 1 € Qf < {=1}
determines a class decomposition of €, and so a decom-
position of the representation space of °t*',,; , this decom-
position respects the action of "H’xGal(Q,"/F"), and so
we have a decomposition

0 — 0.,.vH,i
rI—Ips.] - ®1€’% r lﬁ!j'

Because the restriction r',; of 1,,; to "H*xGal(Q,"/Q,) is
obtained by inducing r",; to "HxGal(Q,"/Q,), we have
also a decomposition

_ VH.i
5= Bicat ™ ;.

Let ¢ € #AG(A¢), K) be meas(K/Zx)" - the characte-
ristic function of K, and ¢, € A G(Q,), K;) be meas (K,/
(Zx),)" - the characteristic function of K,.. Then ¢(g,, g") =
Pn(2p)P°(L").

For each (H, s, 1) € & that contributes to our sum, Hg,
is unramified, therefore we can choose a hyperspecial
subgroup K", of H(Q,) such that every y € K", is the ima-
ge of some ¢ € K,, and there exists a function ¢" on
H(A¢) such that ¢" € SAH(Q,), K",), and such that if y €
H(Af)s,s.,(GJ-[)_reg, then

SOAY, ") = AdY, €) = kd(p)-c(Gy:) O, ¢)
(sum over p € &(G/Ay))
if y is image of € € G(A)ss. and 0 if not

(see 3.5 and 3.7). Let the function f',; € #AH(Q,), K",)
be associated to the class function x — (1/j) lo/[** Zic i tr
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', on"HxGal(Q,"/Q,) by the Satake transform. Then
it follows from 3.5 that if y € H(Q)., and £ € G(Q)’.. and
v 1s the image of €, then

SO(Y, £4%0™) = 1(y) Ap(Y, €) Z k() c(Gpe) Op(", )
(sum over p € &(G/Q)y)).

Furthermore it follows from 3.4 that there exists a functi-
on fc on H(R) such that

SOy, 1) = Au(y, €)-a(€0)
for y € H(R). and 0 for y € H(R)ss\H(R)e..

In the above SO.(y, f) (v place) denotes the stable orbital
integral at y € H(Q,) of the function f on H(Qy,), that is,

SO\(y, f) = X c¢(Hyy)-Ou("y, f) (sum over p € &' (H,/Qy)).

The number of stable conjugacy classes of elements y €
H(Q)ss.(G, nyr¢ Which are the image of a given € € G(Q)ss,
is M(H, s, n) = |Aut(H, s, n)/Ha.(Q)! (K6). If we denote the
number MH, s, n)"1(G)-t(H)" by (G, H) (see K3), then it
follows from 3.3 that

MH, s, n)"i(e) Ik(G/Q) M t(Ge)k
= UG, H)-i(y) x(H/Q)I"t(H, k.

1.10 It follows from 3.4 and 3.5 that we can extend the
summation from &, to & and from H(Q).. to H(Q)..

Let k(H, n') be the character of Z(A) constructed in
LST1 (p. 252 - in this paper, however, only on the identity
component of Z). It is determined by ' and satisfies
A(zy, ze) = x(H, n")(2) Ay, €) (v place). Let v, be the
character v-x(H, ') of Z(R), and let "¢ be the character
«(H, n")IZk of Zx.

We let F",,; denote the function on H(A) defined by
Fpi(h) = £ e(ho) 1(F"p @) (hy)-0™"(h"). For z € Z(R) we
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have F",(zh) = v"'.((z)-F",;(h), and for z € Zx we have
Fi(zh) = "(z) F",(h).

Y ... (sum over y € H(Q)/~«) is the stable elliptic part
of the trace of F",; (see L8 or K6).

Let ®(H). denote the set of (equivalence classes of)
elliptic (essentially) tempered admissible homomor-
phisms y: Lo — “H%Lg such that y,.IZ(R) = (v',)" and
yidZx = (") (yyv 1s the character of Z"(Q,) accociated to
v, € O(H,)), then the stable tempered cuspital part of the
trace 1is

2 dy" 2 netr wE) (v € B(H)., 7 e TI(y)),

here d, is the number of (global) equivalence classes in
the local equivalence class of y (d, different classes of
®(H). parametrize I1(y)), n, is the stable multiplicity of =,
and n(f) is the operator | m(h)f(h) dh (integral over Z(R)\
H(A)/Zx). This part of the stable trace is "contained" in
the stable elliptic part of the trace (for all this, see 3.10).

1.11 Because ¢", € #AH(Q,), K",) and is non-zero, tr
n,(¢",) # 0 = =, has a non-zero vector fixed by K",. Hen-
ce , 1s unramified, and in this case exactly one m, in
®(y,) has a non-zero vector fixed by K",.

It follows from 3.8 that we can restrict the summation
to those y for which ¢ =n'oy is elliptic and admissible
for G (o 1s elliptic because ¢ is elliptic), this set is deno-
ted by ¥(H)g.c.

1.12 Let ®(G). denote the set of (equivalence classes of)
elliptic tempered admissible homomorphisms ¢: L —
*G'xLg such that y o = v and y odZx = 1.

Let y € ®(H)c., then ¢ = 1oy € ®(G)., we let IT" and
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[T denote I1(y) and I1(¢). We can assume that y.. and ¢
are elliptic (see 3.8), and, by replacing y.. by an equiva-
lent, we can assume that y..(C*) < "T"xC* and y.(t) =
hxt for some h € Nmyyo(“T"), then ¢.(C*) = “T°xC* and
0(1) = gx1 for some g € Nmygo("T°). ¢(1) determines an
action ' on "“T°, and for this action of the non-trivial ele-
ments in Gal(C/R), “"T°xGal(C/R) is the L-group of the
fundamental Cartan subgroup (To)= of G (via the isomor-
phism X«(Tp) <> X*(*T%)). To ¢.. is associated a Q(G(C),
To(C))-orbit Q, of continuous regular characters of To(R)
(Bo - note that the action of the elements of Q(G(C), T,
(C)) on Ty(C) 1s defined over R because (ToNGaer)(R) 1s
compact), and so a set of discrete series representations of
G(R), this set is just [1(@.) = IL..

©.|C* has the form z — z"%2""%z, where Ay € X:(*To)
®R (in fact Ay € %X«("T,) because Ay € 3+X«("T,) and
AolZ = the rational character v'' — § is the half sum of the
positive roots of G w.r.t. Ty for some order. Since A, is
non-singular it lies in an open Weyl chamber, let p, be the
weight in Q, (< X«("T)) lying in the closure of the oppo-
site chamber. The Q(*H’, X" (*T"))-orbit of p, (regarded
as a weight in X*("*T")) is determined by (the equivalen-
ce class of) ...

Because (Hz, s, n) is elliptic, n(s)* € Z, and (Hz, s, 1)
can be constructed from (Ty)=, and the character k., of &
(To/R) = X*("T%er)/2X*(*Ter) (the Tate-Nakayama iso-
morphism, note that ' acts on X*("T%¢) by u — -p) given
by k({1t}) = u(n(s)) (= =£1). The restriction of k. to D(To/
R) = Q(G(C), To(C))/QAUG(R), To(R)) has image # (be-
cause Ko({®}) = (o — to)(M(8)))-

(H, s, m) and (the equialence class of) y.. determines a
class decomposition of I1.:
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HOO = UieenyiOOj

where IT, = {n | 3o € Q(G(C), To(C)): ko({®}) =1, and &
is attached to A¢em}, here Ao is the character of To(R) de-
termined by Ao.

We choose a function f%: G(R) — C such that SO..(,
%) = a(e) (3.6), and let

m(IT%,) = £ <1, ©> tr n(f;) (sum over © € IT",)
and
m(IL,) = X <1, > tr n(f%) (sum over € IL.).

Since we can assume that m(IT",) # 0, we can (3.8) assu-

me that y., and @, are elliptic, and it follows from 3.6 that
m(I1%,)1 = e, m(IL.) <n(s), IT'.>

fori e A .

If we in the de-composition 1',; = @;c'1",;, instead
of letting the summand indexed by 1 € Zbe that contai-
ning L, now be that containing p,, we get a new de-com-
position:

) = ®icwt™pj,
and

i V. Hii
rHlp’j - Il{lnptj’

where 1 = (ko - pro)(1(s))) (= £1).

Now we have

m(I1%,) Zie1” 5 lol/j tr my(r-f,)

= m(IT",) Zicci log L(s - d/2, m,, ‘™,,)

=m(IT",) Ziccim log L(s - d/2, m,, r,,)

= e, m(IT",) Zic, <n(s), II".> log L(s - d/2, m,, r,)),
here we have used that tr 't (y,(c)) = 0 for j not divsi-
ble by r (because 't is induced from a subgroup of index
r). We recall that the L-function associated to an unrami-
fied admissible homomorphism ¢: Wg, — "G"xWg, (that
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is, an admissible homomorphism Gal(Q,"/Q,) — "G
Gal(Q,"/Q,) or a semisimple “G"-conjugacy class in "G
o) and a (finite dimensional) representation r of *G’xGal
(Q,/Q,) is defined by

L(s, II(9), r) = L(s, m, r) = det(1 - lol r(p(c)))"
or
log L(s, n(), r) = Zie” loF¥j tr r(p(c))

- 1 1s the representation in I1(¢) having a non-zero vector
fixed by the maximal compact subgroup K,, and o is the
Frobenius in Gal(Q,"/Qy).

Since the class Mg € Q) is left fixed by Gal(Q/E)
(recall that E by definition is the smallest Galois exten-
sion of Q having this property), we can construct a (finite
dimensional) representation °r of “\G°xGal(Q/E) (unique
up to isomorphism) such that it is irreducible on “G° ha-
ving extreme "“T’-weights Q,, and such that Gal(Q/E) acts
trivially on the "B°-highest weight space (the construction
is analogous to the earlier construction of ‘r,,, associated
to the class M,, € #(Q,) left fixed by Gal(Q,/E,), recall
that Q, is the Weyl-group orbit in X*(*T°) associated to
Mg, and that E is the smallest Galois extension of Q hav-
ing the property that if 6 € Gal(Q/E) and p € Q,, then op
€ Q,). By induction we have a representation r of "G’
Gal(Q/E), and by lift we have a representation, also deno-
ted r, of "G’xL.

The restriction r' of r to "HxLg (via ') has a decompo-
sition formed in an analogous way as before

(the summand indexed by 1 € & contains p, and the de-
composition is determined by the equivalence class of
Yer).
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The restriction of the representation ' to "H’xL is the
lifting of the representation @, r'';, to "HxGal(Q,"/Q,)
(note that we shall use different imbeddings Q — Q, for
the construction of the various ', plp). The constructi-
on can also be carried out in the following way: choose t
e Gal(Q/Q) such that its restriction to E transforms p to
2, since T normalizes Gal(Q/E), 1xt € *G°xGal(Q/E) nor-
malizes "G°xGal(Q/E), and if we restrict “read(1xt) to *G°
xWe, (via W, — Wi — Gal(Q/E)), it will be the lifting
of a representation of "G’xGal(Q,"™ /E,), if we induce this
to “G"xGal (Q,"/Q,) and then restrict to "H’xGal (Q,"/
Qp), we get @i '™, (recall that r is independent of plp
since E is Galois). We therefore have

I, L(s - d/2, m,, r'5,) = L(s - d/2, m,, r'™).

If follows from 3.7 that for y € ®(H)g. 1s
> <1, w>¢ tr w(e") = er  <n(s), ¢ tr 7(Q)

(sum over resp. m € II(y)r and © € I1(p)s), the pairing <,
> = (xI1(@)r — C, where {, = So/(Sy)°Z (= So/Z because
(S,)" < Z for ¢ elliptic), and where S, = {g € "G | ad(g)e
¢ differs from ¢ by a continuous locally trivial 1-cocycle
of Lg in Z} is defined via {, — (, and I1(¢p) — I1(¢,) by
letting <s, m>¢= Ilvs <sy, > (<, >¢+ <, >, 1S canoni-
cal). e«er= 1 by 3.9.

1.13 Let ¢®(H)c.. denote the set ®(H)q.., where the equi-
valence relation is replaced by Z-equivalence, and for y
€ ¢®(H)c let G, = 6Sy/(6Sy)°Z, where S, is obtained if
we in the definition of S, replace Z" by Z.
Since (G, H) = (H, s, n)"t(G)-t(H)" and the number of
Z-equivalence classes in the equivalence class of ®(H)g.-c
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containing v is I6G, "I, t(G)-T(H)" (K3) we have
S (G, H) S 15, () =S AH, s, )" £ el (.)

(sum over (H, s, ) € &and y € ®(H)g- resp. ¢P(H)c-c).

Let ~ denote the conjugation on {,. If y and y' are Z-
equivalent, then "oy and n'y' are equivalent. We can
therefore for ¢ € ®(G). and {sZ} e {,/~ restrict the abo-
ve sum to those (H, s, ) € & and y € ¢®(H)c.. such that
if @' = n'ey, then ¢' ~ ¢ and the canonical bijection (y/~
— o/~ maps {n(s)Z} to {sZ}, and then summarize over
¢ and {sZ}.

1.14 For given ¢ € ®(G). and {sZ} € {,/~ there exists
((H, s, 1), v) which maps to (¢, {sZ}), and the second li-
ne of (13) is independent of ((H, s, 1), v). This follows
from the following way to define the first parenthesis in
(14).

By replacing ¢ by an equivalent we can assume that s €
"T° and @o(C*) < "T°xC*. We construct (H, s, ) € & and
v € ®(H) such that ¢' =n'°y, and sZ = n(s)Z: take "H’ =
(centralizeriao(s))” and the action of 6 € Gal(Q/Q) on “H°
to be given by k.gwxo, where w — ¢ and @(w) = gwxG
(gwx6 € Nmycoxca@o("H’)) and k; € "H® chosen such that
the action on "H’ leaves "T"" = "T° and "B"™ = "H’N'B°
invariant and permutes the root vectors (used in the con-
struction of "G°xGal(Q/Q)) associated to the "B"’-simple
roots of “T"? in "H’ (the action is uniquely determined by
these requirements), then s = s, 1) = the inclusion "H° ¢
FG? and y(w) = @(W)N'(W) ' xw. y./C* determines a p, €
X*(MT™) (see 1.12), and so a decomposition r = ®;_, '™
If we had chosen another pair (¢', s') equivalent to (¢, s),
there would exist a g € “G° such that ¢'(w) = ¢(w)-(ad(g)
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°@)(W) (c a continuous locally trivial 1-cocycle of L in
Z) and s'Z = ad(s)Z. If we define the map P(g): “H’xGal
(Qp"/Qp) — "H"xGal(Qy™/Qy) by h — ghg™ and 6 — (t')
'xo, where t' € Z" is such that n',(c) = t'gn,(c)g™', we ha-
vetrriop(g) =trr", and y', = z(B(g)°y,)z" (if c(c) =
zo(z)"', z € Z). Furthermore since “T" = B(g)("H™), y'.
C*=B(g)°w.lC* and p'o = (g)(o), we have A = A and tr
MoB(g) = tr ' and so L(s - d/2, m,, ') = L(s - d/2, m,,
'), We shall also use that <, ©>: {,, — C (for & € II(¢,),
v place) is a class function.
Since
= (H, 5, 1" Z lGy" = (Gl
(sumover (H,s,m) € &, y € ¢®(H).),
where the summation is taken over the above ((H, s, 1),
V) (K3), and since

218l = 1(Co)izl™ (sum over sZe &, sZ ~ sZ),
we get (14).



2 The formal part of the proof
>,p log Z(s, S,(K), &)

(1) =Z,p i1 "l %) T tr(D,)x (sum over x € S,(K)(K'))

(2) = ---"--- %, T tr &(€) 1)\ (YL,xYP)! (sum over & e I,/~)
(3) = ---"--- X tr §(&) meas((Iy)Zx\(G(Qp)xGy(APr)))
"TO(S, £,0) O, ¢°)

(sum over {(o, €)} j-perm. K-equ. cl.)

(4)= " Str&(e) T "
(sum over € € G(Q)"/~«k, {(0, €)} j-perm. K-equ. cl., &' ~x €)

(5) = ---"-m Tecthovrep Co tr G(€) X meas((Ge)o(Q)Zk\
(Ge)o(A )¢y TO, £ pa)c™O(y, ¢°)

(sum over ¢ € P;)

(6) = - Zse{fav.rep-} (X(S)'T(Gg )K 2 CP'TO(S’ fﬁ n)
-cO(y, ¢°)
(sum over ¢ € Py)
(7) = —mneee 2‘%:e{fav.rep-} G(S)'T(Gg )Kl(g)u{(G8 /Q)|-l
2 1o — Hn))

(2 kp(p) e(Gpe) O, Tpn))
(2 (p)c(Gpe) O(e, ¢")))
(sum over k € K(G/Q), p € &GJ/Q,), p € &G/APp)
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(8) = ----"-——- (1/r) T 2 i(e)IK(G./Q)I"1(G: )k
(Ax(y, &)-0(8) (2 ket — [1n))
(Ap(y, €)T X ...)

(AP(y,e) Z..))
(sum over ¢ € (G(Q)"/~x, ...)

(9) = Z,p Tt 0, £ (G, H) T i(y)K(H,/Q)I"
T(H)iSO(y, )

SOu(Y, £5%¢")-SO(y, 9™)
(sum over (H, s, M) € &,y € H(Q)'./x)

(10) = " (G, H) T 11" = <1, 7> tr n(F",;)
+ non-temp.-cusp. part
(sum over (H, s,n) € &, y € ®(H)., m € TI(y))

(11) = non-temp.-cusp. part + X (G, H) Z I,
(Z <1, ©> tr n(fy))
(Zpp Zimt " I, tr mo(r-£5,))
(Z <1, > tr n(¢"))
(sum over (H, s,m) € &,y € ®(H)ge, © € [1", plp, © € 1)

(12) = non-temp.-cusp. part + £ (G, H) T I,/ m(IL.)

(2 <T](S), Hinoo> log L(S _ d/2’ T, I’Hl))

(2 <n(s), > tr ()
(sum over (H, s,m) € &,y € ®(H)g., 1 € A, 1 € Iy

(13) = non-temp.-cusp. part + =X X M(H, s, n)" T I¢, 1"
‘m(I1,)-last two lines of (12)

(sum over @ € (G)., {sZ} € {/~, (H,s,m) € &y € O(H)g-e,
((H,s,m), ¥) = (9, {sZ}))
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(14) = non-temp.-cusp. part
+ log Tyeae Mizety (Thiex L(s - d/2, m,, 1')°))

b =<s, II".> and a = I{,I"" m(IL.) (Zrcnr<s, > tr n(9))



3 List of conjectures

3.1 If E is unramified over p, G is quasi-split over Q,, K,
1s hyperspecial, and if K? is so small that S(K) has good
reduction modulo the prime ideal p of E over p (that is,
the reduced variety S,(K) exists and is proper and smo-
oth), then the set of equivalence classes of permissible
homomorphisms @: &£ — G can be put into a bijective
correspondance with a class decomposition of S,(K)(k) in
which each class is invariant under the Frobenius action,
and the class corresponding to ¢ can be put into a bijecti-
ve correspondance with X,(K) such that the action of the
Frobenius on the class corresponds to the action of @ on
Xo(K).

The proof of this conjecture seems to be the most difti-
cult part of the theory, and I will sketch the proof in some
of the cases in which the Shimura variety S(K) parametri-
zes a family of polarized abelian varieties with endomor-
phism and level structure (of type K). G is the group of
symplectic similitudes on a Q-vector space V w.r.t. a non-
degenerate alternating bilinear form y (on V) and the ac-
tion (on V) of a simple Q-algebra D of degree d* over its
center L, that is, G = {g € GLo(V) | y(gu,gv) = y(c(g)u,
v) c(g) € Lo} - D is endowed with a positive involution
*, y satisfies y(xu, v) = y(u, x*v) (x € D) and L, is the fi-
xed field of * on L. There exists a homomorphism h: S —
Gz defined over R such that the corresponding Hodge
structure on V®R is of type (1, 0)+(0, 1) and such that
y(u, h(i)v) is symmetric and positively definite. We choo-
se an order Op of D and an Op-invariant lattice V; of V,
and we choose p such that p is unramified in D, D®Q), is

a product of matrix algebras, Op®Z, is a maximal order
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and y: V,xVz, — Z, is perfect, then *(0Op®Z,) = Op&®Z,,
and we take K, = G(Q,)NEnd op(Vz,). If K" is sufficiently
small, then the pair (G, h) and K = K,-K? defines a Shi-
mura variety S(K) satisfying all our wanted properties.
The definition field E of S(K) is the subfield of Q genera-
ted by the image of the linear map t: D — Q given by t(x)
= tr(xIV"%).

S(K)(E) can be put into a bijective correspondance with
the set of (isomorphy classes of) quadruples (A, 1, A, 1),
where A is an abelian variety over C up to isogeny, 1 is a
homomorphism D — End(A) such that tr(xILie*A) = t(x)
for x € D (Lie*A is the cotangent space of A), A is a Lo-
homogeneous polarization on A which induces the invo-
lution * on D, and 7 is an equivalence class for the action
of K of D® A ¢-module isomorphisms n: H'(A, Af) —~
V® A ¢ which transform y to the form on H'(A, Ay) indu-
ced by a polarization in A up to multiplication by an ele-
ment of Li® A .

S,(K)(x) can be put into a bijective correspondance
with the set of (isomorphy classes of) quadruples (A~, 17,
A~, M), where A~ is an abelian variety over « up to iso-
geny of degree prime to p, 1~ i1s a homomorphism Op —
End(A~) such that tr(x/Lie*A~) = t(x) for x € Op, A~ is a
Lo-homogeneous polarization on A~ which induces the
involution * on Op and which contains a polarization of
degree prime to p, and 1~ is an equivalence class for the
action of K* of Op® AP~-module isomorphisms n~: H'(A~,
AP) —~ V® AP which transform y to the form on H'
(A~, AP induced by a polarization in A~ up to multipli-
cation by an element of Ly® AP:. An isogeny from (A~, 17,
A~,n7) to (A~ ™', A~', ™) is an isogeny from (A~, 1,
A~)to (A, 1", A™') - an isogeny of degree prime to p is
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an isomorphism. The class decomposition of S,(K)(x) is
in our special case the isogeny classes.

The proof falls into two parts. In the first part it is pro-
ved that the set of equialence classes of permissible ho-

momorphisms ¢: & — G parametrize the set of isogeny

classes in S,(K)(k). In the second part it is proved that an
isogeny class has the decripted structure. The first part
will be presented in two variants. The first builds on some
unproved conjectures from the algebraic geometry, the se-
cond does not need any unproved conjectures but instead
a theorem of Kottwitz (which was unproved at the time
LR was published but which is now proved (by Kottwitz
(unpublished) and independently by Reimann and Zink
(R2))).

The first variant can be outlined in the following way:

By using the Grothendieck standard conjectures we can
construct the Tannakian category M (over Q) of (all) mo-
tives over k. We can (without use of unproved results)
construct the neutral Tannakian category Mg (over Q) of
(all) motives over Q, the associated affine Q-group is the
connected motivic Galois group G (we have chosen an
imbedding Q — C). A sub-Tannakian category CMg of
Mg is generated by the abelian varieties over C with com-
plex multiplication and the Tate object, the associated af-
fine Q-group is the connected Serre group S. We therefore
have a projection G’ — S. Any abelian variety over C
with complex multiplication can be reduced modulo p
(we have chosen an imbedding Q — Q, determining p)
and the reduced variety determines a motive in Mx. By
using the Hodge conjecture for abelian varieties over C
with complex multiplication we can extend this operation
to a functor CMg — M. IfL < Q is a CM-field and
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“CMj is the sub-Tannakian category of CMg generated by
the abelian varieties over C with complex multiplication
through L and the Tate object, then the associated affine
Q-group is S, and if we let “Mx denote the sub-Tannakian
category of Mx generated by the image of “CMg by the re-
duction functor, then "M is algebraic, and by using the
Tate conjecture over a finite field, we can prove that "the"
gerb associated to "M is " (constructed in LR and in the
appendix, we have a homomorphism & — ). We there-
fore have an injective homomorphism of gerbs p" — Gis
(determined up to conjugation by an element of ™(Q)).

Now let (A™, 17, A~,17) be a point of S,(K)(k). To A~
is associated a motive in Mx (belonging to "M for L suffi-
ciently large), the homogene part of degree 1 of this mo-
tive corresponds to a representation of . We can assume
that the representation space is V, that the action of D on
V determined by 1 is the given action, and that some po-
larization ™ € A~ corresponds to y on V. Then the re-
presentation maps into G and the composition of this ho-
momorphism p — G with & — @ is a permissible homo-
morphism ¢: & — G (that ¢ is permissible is easily seen
in the setting of the second variant of the proof below). If
we had chosen another n™ € A, then the new ¢ would be
equivalent to the former, and if (A™, 1™, A™", n™) is iso-
gene to (A7, 17, A7, 1), then the corresponding equiva-
lence class of permissible homomorphisms & — ¢ is the
same. Conversely: a permissible homomorphism ¢: ¥ —
G factorizes through # — o and thus gives rise to a re-

presentation of p and so a motive in M, this motive is
the homogene part of degree 1 of the motive associated to
an abelian variety A~ over k, the action of D on the repre-
sentation space V of ¢ determines an action 1~ of Op on
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A~, and the form y on V determines a Lo-homogeneous
polarization A~ on A~. Finally there exists a level structu-
re 1" on A~ (because ¢ is permissible). Thus we have
constructed a point (A, 1, A~, ) of S,(K)(k), another
choice of ¢ (equivalent to the former) would lead to an
isogene point of S,,(K)(i). These two maps between the
set of equivalence classes of permissible homomor-
phisms ¢: # — G, and the set of 1sogeny classes of S,(K)
() are the inverse of each other.

Then we come to the second variant.

A special point of S(K)(C) is a triple (T, h, g), where T
is a Cartan subgroup of G, h € X, and factorizes through
T and g € G(Ay) (two triples are equivalent (and identi-
fied) if they differ by action of G(Q) on the left and acti-
on of K on the right of g). In the above correspondance
between points of S(K)(C) and abelian varieties with ad-
ditional structures, a special point corresponds to a sixtu-
bel (A, 1, A, m, R, 0) (up to isomorphism), where the qua-
drupel (A, 1, A, n) corresponds to the point {(h, g)}, and
R is the CM-algebra (= product of CM-fields) defining T
(thus T(Q) = {r € R*Irr € Lo} and dim oR = dimq(V)/d),
and 0 1s a complex multiplication through R on (A, 1, A,)
- that 1s, an involution preserving imbedding R — Endp
(A). This sixtubel can be constructed as follows: p.: C* —
(R®C)* determines a complex multiplication (R, @), if B
is the (polarizable) abelian variety over C up to isogeny
with complex multiplication (R, @), we take A = B®. Be-
cause D® R = M4(R), D acts on A, this is . The represen-
tation space of the representation of *S (K sufficiently lar-
ge field) corresponding to A (or rather, to the homogene-
ous part of degree 1) can be identified with V such that
the action of D defined by 1 is the given action, and the
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"diagonal" action of R on V is that of T. We let A be the
L,-homogeneous polarization on A defined by v, and 1 be
the set of isomorphisms H'(A~, Af) = VR Ar —~ VR A;
given by Kg'', and we let 0 be the "diagonal" action of R
on A. If we reduce (A, 1, A, ﬁ, R, 0) modulo p, we get a
special point (A~, 1", A~, ™, R, 07) of S,(K)(x).

The second variant can be outlined in the following
way:

Given (T, h), if we choose a g € G(Ay¥), then to (T, h, g)
we have constructed a special point (A, 1, A, 1, R, 8) of
S(K)(C), and (by reduction modulo p) a special point (A~,
1, A~, ™, R, 07) of S,(K)(k), the isogeny class of S,(K)
(k) containing the point (A~, 1~, A~, n7) is independent of
the choice of g. The isogeny classes of S,(K)(i) construc-
ted from (T, h) and (T', h') are equal if and only if Y
and yr (see appendix) are equivalent. This is a conse-
quence of the fact that the existence of an isogeny from
(A~, v, A™) to (A, ', A™') is equivalent to the existen-
ce of an automorphism g of V®Q satisfying the conditi-
ons (we have here identified H'(A, Q) and V in such a
way that 1 corresponds to the given action of D on V and
that the bilinear form y, on H'(A, Q) associated to some A

€ A corresponds to v, and analogous for A'):
1) g commutes with the action of D
2) g transforms A'to A

3) if we identify the contravariant rational Dieudonné
module associated to A~ resp. A~' with V®«, where the
F-translation is given by x — b 6(x) resp. x — b™'o(x),
with b™ = y(b™) resp. b™ = '(b%) for b” € “S(x), then we
can choose s € T(Q,) such that g = gs € G(Q,") and b™" =
gb o(g)"! (for y and ', see below)
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4) if we identify the {-adic (£ # p) cohomology spaces
associated to A~ and A~' with inner forms of V®Q, then
g shall transform these spaces to each other

5) if the Frobenius endomorphisms on A~ and A~' over
i (for j sufficiently large) correspond to the automor-
phisms & and £ on V, then we shall have ¢ = ge'g" (for
j sufficiently large)

these conditions for g are equivalent to the conditions:
I g € GQ)
2") g is an equialence for the two homomorphisms (*)
on the kernel

o —" Gxks 5% Gr, Gr < G (%)

here o is the canonical cocharacter of *S, o is defined
in the appendix, and the homomorphisms y: S — T and
¥': XS — T' are defined over Q and map po to p, and

3") g is a locally equivalence for the two homomor-
phisms (*) w.rt. (oo W - P, {,: D — p and (i: G — ¢
(for £ #p).

[Sketch of proof: 2') follows from 5), and the definition of
V.. 2) is tantamount to y(gx, gy) = y(ax, y) for some a €
Lo®Q, and h'(i)x1 = g(h(i)x1)g", but since v(ho(i)xt)v"' =
Mo(-1)x1 = (yy0°G)(x), where v = (say) (1otio)(Vi), we ha-
ve YuoCo = ad(g)o(yun-Ce). If by~ € ¥S(x) determines the
F-translation, and by € “S(x) is constructed from y,°(,: D
— Gxs (as in 1.2), then the theorem of Kottwitz states that

bo = b o(ug) ™! for some uy € “S(x), in fact uy € Im o
(P(x)), we therefore have b =ub o(u)’, b'=u'b"o(u')"
and u' = gug™ (u = y(w), ...), the condition b" = gb o(g)"
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is then equivalent to b' = gbo(g)™'. This implies that b' also
can be constructed from ad(g)°(y,un-(p), therefore we must
have yuwel, = ad(g)°(yun-Cy). The above mentioned forms
of V®Q, are determined by a homomorphism {;": G¢ —
(a trivialization), and this is equivalent to (¢ G¢ — ¢, 4)
is tantamount to y,w°C' =ad(g)°(y.n°l:"), but this condition
is equivalent to el = ad(g)°(y,m°Cr) (because ywolp =
ad(y")o(yur°Ce') = ad(y')°ad(g)*(yun°C') = ad(g)°ad(y)(Wyn°
G') = ad(g)o(yuneCc'), here y = wiu(y) and y' = wu(y) if G =
ad(y)°C' fory € P(Q0)).]

Now we shall use that two homomorphisms vy, y': o —

G are equal if they are equal on the kernel and locally
equal, and that the two homomorphisms (*) composed
with the homomorphism & — @ are yru,m and Yo .

Every permissible homomorphism ¢: & — G is equiva-
lent to one of the form yr,n (LR, Satz 5.3), we can conse-
quently define an injective map from the set of equiva-
lence classes of permissible homomorphisms ¢: ¥ — G to
the set of isogeny classes of S,(K)(i). This map is surjec-
tive because every point (A™, 17, A™, ") of S,(K)(k) is
component of a special point (A™, 1", A, n", R, 8") for
some R and 0™ (because A™ is defined over a finite field),
and a special point of S,(K)(k) is the reduction modulo p
of a special point of S(K)(C) (Z2, § 4.4).

Now we come to the second part of the proof.

Let ¢: #— G be a permissible homomorphism, and let
A < S,(K)(x) be the corresponding isogeny class, then we

shall construct a bijection A —~ [,\(X,xX")/KP) such that
the Frobenius action (over k) on A corresponds to the ac-
tion @ = (bxo)" on X,. We can assume that ¢ = yr,n, and
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we choose a g € G(Ay). To (T, h, g) we have constructed
a special point (A~, 1", A~, ™, R, 87) of S(K)(C) and (by
reduction modulo p) a special point (A~, 1", A~, 1, R, 6")
of S,(K)(x). 4 is the isogeny class containing (A", 1,
A™). We identify the contravariant rational Dieudonné
module of A with V®x as above, then the F-translation is
given by x — b o(x), where b~ € T(x), furthermore b™ =
u'bo(u), where b is constructed from ¢ (as in 1.2) and u
€ T(x). In the first variant this follows from the fact that
D is the gerb associated to the Tannakian category of iso-
crystals over k, and that the association of the contrava-
riant rational Dieudonné module to a motive in Mx corres-
ponds to the operation of composing a representation of
¢ with a homomorphism D — ¢ which is equivalent to

Go: D — o (LR, p. 162), and in the second variant this is
the meaning of the mentioned theorem of Kottwitz.

If (A~',1", A", 1"") € A, and if a is an isogeny from
(A~ v, A™) to (A, ', A™"), then we can construct an
element (x,, x?) € X,xXP/KP as follows: a is the composi-
te of an isogeny o, whose degree is divisible by p, and an
isogeny o whose degree is prime to p, o, induces a ho-
momorphism from the contravariant Dieudonné module
of A~' into V®x«. Let M' be the image of this, then M' is a
lattice of V®«, and M' = g(V:®0,) for some g € G(x). If
we take x, = ugxo € G(k)xo (see 1.2), then x € X,. o’ is in
fact an isomorphism between (A~, 17, A~) and (A™', 1™,
A™), and since ™' can be regarded as an element of X/
KP, ™' determines an element x* of X*/KP. The class of
(Xp, XP) in [,\(XpxXP)/KP) 1s independent of the choice of
a, and the map 4 — [,\(X,xXP?)/KP) is a bijection (remark,
that we have an isomorphism [, —~ Aut(A~, 1, A~), and

that u determines an isomorphism J,' =~ Aut(V®x, 1,
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{v}).

The Frobenius action (over k) on 4 is given by (A™', 1™,
A ") = (A'@ '@ A~'@ 1~'@) (the inverse image
by the Frobenius over «), and if we as isogeny from (A™',
', A™") to (A9, 17'@ ) A~"@) choose o (composed with
the Frobenius isogeny from (A™~', 1™', A™") to (A~'@, 1~'@,
A™'9), then the lattice of V®x associated to A~"? is the
image of M' by the r-th power of the F-translation, that is
(b xc)M', and the element X?/K” associated to '@ is (by
the definition of ') that associated to ™'. The Frobe-
nius action on 4 is therefore given by the action of @ =
(b™x0)" on XP.

This bijection between the set of equivalence classes of
permissible homomorphisms ¢: & — G, and the set of
isogeny classes of S,(K)(k) can be refined to a bijection
between the set of equivalence classes of j-K-permissible
pairs (¢, €), and the set of j-isogeny classes of S,(K)(«).
A j-permissible pair (o, €) is j-K-permissible if (I,):\

(Y xYP?) (see 1.2) is non-empty, that is, if

3Ix e X, e'x =0 x
2) 3y € XP: y'ey € KP (see 1.3).

Two j-K-permissible pairs (o, €) and (¢', €') are equi-
valent if @' = ad(g)°¢ and €' = ad(g)(¢)°z for some g €
G(Q)and z € Z(Q). If (A~, v, A~, ™) and (A™', 1", A~
n™") belongs to S,(K)(«'), then an j-isogeny from (A~, v,
A~)to (A, 1", A™") is an isogeny which commute with
the Frobenius endomorphisms over ¥ on A~ and A~". The
j-isogeny class corresponding to (¢, €) is that containing
the point (A~, 17, A~, ™) of S,(K)(x') constructed as fol-
lows: We can assume that ¢ = yr,n and € € T(Q) (LR,
Lemma 5.23). Let v € T(Q,) and b € T(k) be constructed
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from @°(, as in 1.2. Choose g, € G(k) such that for x =
g% is €'x = ® x and y € X such that for y'ey e KP, and
if the F-translation on the contravariant rational Dieudon-
n¢ module V®« of A~ (constructed from (T, h)) is given
by x — b o(x) where b~ € T(k), choose u € T(x) such
that b =ub o(u)". Let g € G(A¢) be defined by g =
v'u'g, and g’ =vy.

To (T, h, g) we have constructed a special point (A, 1, A,
N, R, 8) of S(K)(C) and (by reduction modulo p) a special
point (A~, 1, A~, ", R, 07) of S,(K)(x), (A~, 1, A~, ")
belongs to S,(K)(') and the j-isogeny class of (A~, 17,
A~, ") is independent of the choices. The lattice L =
g-Vz of V (and the complex structure on VR given by h)
de-fine an abelian variety Ay over C in the isogeny class
of (A, 1, A) (namely Ay = ((V®R)/L)*), and since € €
G(Q) and €L c L, € defines an isogeny on (Ao, 1, A), and
the reduction of this to (A~, 17, A™) is the Frobenius en-
domorphism over .

The above bijection between the isogeny class corres-
ponding to ¢ and I,\(X,xXP)/KP) has in the present setting
as analogous a bijection between the j-isogeny class 4
corresponding to (¢, €) and (I,)\(Y,xY?): if in the above
proof we choose a such that it transforms the Frobenius
endomorphism (over k') on A~' to ¢ € I,, then x, belongs
to Y', = X,, and x” belongs to Y? < X?/KP, the class of (x,,
xP) in (I,):\(Y,/xY?) is independent of the choice of a, and
the map 4 — (I,):\(Y,/xYP") is a bijection.

A j-triple (g, 3, v) consists of € € G(Q)ss. which is ellip-
tic at infinety, a & € G(F") (n = jr) such that Nmg"/5,0 is
stably conjugate to € and y, € G(Q;) (for each £ # p) such
that y, is stably conjugate to € (and conjugate to ¢ for al-
most all £). The j-triples (g, 9, v) and (¢, 9, ¥') are equi-
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valent if € and €' are stably conjugate, & and o' are G(F")-
o-conjugate, and y and y' are conjugate, and they are K-
equivalent if (€', 8', ¥') is equivalent to (ez, ew, yz), where
z € Z(Q)x and w € Z(F")NK,(Or") satisfies Nmg"/g,w =
z. We will not distinguish between a j-triple and its equi-
valence class.

The Kottwitz invariant of a j-triple (g, 9, v) is the ele-
ment B(S, y) € K(G:/Q)" (see 1.7) - if & ~ &' (stable con-
jugacy modulo Z(Q)x), we can identify K(G./Q)" and K
(G:/Q)°, and K-equivalent (g, 8, y) and (&', &', ') have
equal Kottwitz invariants (LR, Lemma 5,18). B

To an equivalence class of j-permissible pairs (@, €) we
have (in 1.3) constructed an equivalence class of j-triples
(g, 0, v). The Kottwitz invariant of such a j-triple is 1, and
conversely: any j-triple whose Kottwitz invariant is 1 is
the j-triple of a j-permissible pair (LR, Satz 5,25), precise
i(¢) inequivalent j-permissible pairs have the same equi-
valence class of j-triples (g, 9, v). Therefore we can to
every j-isogeny class 4 of S,(K)(x') associate a K-equiva-
lence class of j-triples (&, 9, y), namely that associated to
the equialence class of j-K-permissible pairs correspon-
ding to A. The K-equivalence of j-triples of the j-isogeny
class containing (A~, 1", A~, 1°) € S,(K)(«') can be con-
structed directly as follows: The Frobenius endomor-
phism on A~ (over «') determines an automorphism £~ of
V®Q, it belongs to G(Q) and can be chosen conjugate to
an element € € G(Q)ss.. If the F-translation on the contra-
variant rational Dieudonné module V®x of A~ is given
by x — £ 6(x) (b~ € G(x)), then b~ = &b o(e~)" (remark
that e~ € G(Q,™) because it is conjugate to €), and we
must have Nmg"5,b™ = £~¢'6"(¢) for some ¢ € G(k), we
take & = cb~o(c)! (then 8 € G(F™)). Finally the Frobenius
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endomorphism (over «') on A~ determines viaan~ € 1~
an automorphism vy of V®Q (for £ # p), this belongs to
G(Qy) (in fact it is conjugate to an element of K).

A long step toward a proof of the conjecture in the ge-
neral case would have been taken if we to every point of
S,(K)(1') can construct a K-equivalence class of j-triples
and prove that its Kottwitz invariant is l.

3.2 Let G be an unramified connected reductive Q,-gro-
up (such p that Ge is simply connected), let K be a hy-
perspecial subgroup, and let F be an unramified extension
of Q, of degree n.

Let M be a G(F)-conjugacy class of homomorphisms
Gm — Gr such that one (and hence all) of the representa-
tions G, on Lie(Ggp ) constructed from homomorphisms
in M has no other weights than 0, £1. Let f* € #AG(F),
K(Or))) be the characteristic function of the coset in
K(Op)\G(F)/ K(OF) corresponding to M (see 1.2), and let f
e HG(Qy), K(Z,))) be the image of f by the base-chan-
ge homomorphism (characterized by the property that tr
7o(f) = tr mu(f7), where @' = ¢'lcagp""F) for every admissib-
le homomorphism ¢: Gal(Q,"/F) — "G’xGal(Q,"™/Q)).

If ¢ € G(Q,)" (defined as in 1.4 but w.r.t. M), let T be an
elliptic Cartan subgroup of G, and let p € X+(T) be M. -
conjugate to a p satisfying the condition 1.4, then the ele-
ment b, € T(x) constructed from the homomorphisms &
D — T(Q,)xGal(Q,/Q,) (see 1.7) satisfies Nmg; gpb, =
ec’'a"(c) (¢ € G(x)), and if §. = cb.o(c)’, then §. € G(F)
(and Nmg o,0: = cec™'), and we have

¢(Ge)-O(e, 1) = ¢(G°%:) TO(S:, 1) (*)
(G%: 1s the inner form of G, this allows us to choose
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compatible measures on G%:(Q,) and G.(Qy)).

If € € G(Qp)ss\G(Qp)", then O(g, 1) = 0.

(*) 1s proved in K7 for M trivial (that is, ™ and f the unit
elements) and in AC for G = GK(n) and arbitrary f €
JAG(F), K(0¢)), € € G(Qy)ss. and 6 € G(F), such that € is
conjugate (in G(F)) to Nmg, o0 - in fact, this result is con-
jectured true for general G, if orbital resp. twisted orbital
integral 1s replaced by stable orbital resp. stable twisted
orbital integral - in this case SO(g, f) =0, if € € G(Q))ss.
and not conjugate to a Nmg, ;0.

3.3 Let G be as in this paper, and let (H, s, ) € &. Fory
€ H(Q)c 6. and € € G(Q)e., such that y is the image of
€, we have

i(y)- \K(H, /Q)I t(H,)-t(H)" = i(e)-IK(G: /Q)I"1(Gs) (G

t(H,) and 1(G¢) are as defined in 1.6, and the measures on
H,(A) and G:(A) are chosen compatibly (recall that H, is
an inner form of G;) - this measure on H,(A)) (and an ar-
bitrary measure on H(A))) is used to define orbital inte-
gral on H. 1(H) and 1(G) are the Tamagawa numbers (pro-
ved in K6 for regular elements - we have used that Kott-
witz in K8 has proved that ©(G) = 1 for G simply connec-
ted semi-simple (if G has no ES8 factor)).

3.4 Let G be a connected reductive R-group (such that
Guer 18 simply connected) which has discrete series repre-
sentations, let T be a fundamental Cartan subgroup, and
let € be a rational representation of G. For each € € G¢(R)
we choose a measure on G,(R), such that the measures on
G¢(R) and G¢(R) are compatible € and &' are stably conju-
gate - then we have a measure on the compact (modulo
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Z(R)) inner form G;'(R) of G¢(R). We define a: G(R) —» R
by
a(e) = c(G) tr {(e)/meas(Z(R)\G:'(R))
if € € G(R).
0 if ¢ € G(R)\G(R)e..

If €' is stably conjugate to €, then a(g') = a(e).

Let (H,s, ) be an endoscopic datum for G (we assume
that n(s) € “T°), for which there is an isomorphism X+«(T)
<> X*(“T°), such that this, the action of Gal(C/R) on T
and n(s) determine (H, s, n), and let us choose an exten-
sion 1': "H'x Wiz — °G"xW= of ) and a transfer factor A(,

)

There exists a function f'': on H(R), such that

A(’Y, fﬁi) = A(Y’ 8)'0"(8)
ify e H(R).
0ify e H(R),, \H(R),

here € € T(R) is chosen such that v is the image of € via
the isomorphism X+(T) <> X*(*T°) (obvius for H, an el-
liptic Cartan subgroup of G, and proved in L7, §6 and Ca
for H= GL(2) and G an inner form of H) (the measure on
H(R) is of course that compatible with the measure on
G¢(R) - H, 1s an inner form of G).

If (H,s, 1) is not elliptic, we take f': = 0.

3.5 LetGbeasin3.2,let (H, s, n) be an endoscopic da-
tum for G, and let ¢ € A G(Q,), K) be the characteristic
function of K.

If there exists y € H(Qp)ss., nyreg, Such that the sum be-
low is non-zero, then H is unramified (proved in LL for H
elliptic Cartan subgroup of G = GL(2)). We choose an ex-
tension 1'": "H’xGal(Q,"/Q,) — "G’xGal(Q,"/Q,) of ,
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and we can choose a hyperspecial subgroup K" of H(Q,),
such that every y € K" is the image of a ¢ € K.

There exists a function ¢" € AH(Q,), K), such that if p
€ H(Qp)ss.G, Hyree, then

SO(Y) (PH) = A(Y, 8) )Y K(p)'C(Gpa)'O(pa, (P) (Sum over 6 (S
é(Ge, Qp))
if y is the image of € € G(Q))ss.

0 if y is not the image of any €
(see 3.7).

Now we assume that n)(s)™ € Z for some m.

Notation:

M is a G(F)-conjugacy class of homomorphisms G, —
Gr such that one (and hence all) of the representations of
G on Lie(Gg,) constructed from homomorphisms in M
has no other weights than 0, £1.

Q, < X*(*T°) is the Weyl-group orbit determined by M.

°r is the (finite dimensional) representation of “G’x Gal
(Qp™/F) (unique up to equivalence) which is irreducible
on “G" having extreme "“T’-weights Q,, and for which Gal
(Q,"/F) acts trivially on the "B’-highest weight space.

r is °r induced to “G°xGal(Q,™/Q,).

n € [F:Qp]N.

f e AAG(Q,), K) 1s associated to the class function x —
tr r(x") on "G°xGal(Q,"/Q,) by Satake transform.

v € H(Qp)ss.c, mree 18 the image of € € G(Q,)" (defined
as in 1.4 but w.r.t. M).

A Cartan subgroup T of G, and an isomorphism X«(T)
<> X*(“T°) are chosen, such that they arise from the cor-
respondance between y and € (see 1.9).

o € X«(T) 1s M-conjugate to a u satisfying the conditi-
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on in 1.4.
or" is the restriction of ’r to "H’xGal(Q,"/F) (via n).

S = {(L-)(M(s)) I p € Qu} < roots of unity.

Fori e & r™ is the subrepresentation of °r" determi-
ned by {(u - po)(n(s)) I n(s) =1j.

™ is °r" induced to "HxGal(Q,"/Q,).

I, € JAH(Q,), K") is associated to the class function x
— Ticaed tr r'¥(x") on "H*xGal(Q,"/Q,) by Satake trans-
form.

Then: ", is independent of the choice of €, and we have

SO(y, f,*¢0™) = A(Y, €) Z k(p)-c(Gpe)O(p:, F*0)
(sum over p € &(Ge, Qp)).

If € € G(Qp)ss\G(Qp)", then O(e, f) = 0.

If vy € H(Qp)ss.c.mree 18 NOt the image of any &€ € G(Q,)",
then SO(y, f,*¢") = 0, here ' is constructed as above,
but po € X«(“*T° is chosen arbitrarily.

3.6 Let G be as in 3.4. There exists a function f© on
G(R), such that
SO(e, 19 = a(e)

for € € G(R)ss (proved in L7, L6 and Ca for G = GL(2)) -
the measure on G(R); is that entering the defintion of a).
Let (H, s, ) be as in 3.4, and let y € ®(H) be such that
¢ =n'y € O(G).. We can assume that ¢(C*) = “T'xC"
and ¢(t) = gxt where g € Normrgo(“T"). The action 1’ on
LT° given by @(t) corresponds (via X*(*T°) <> X«(T)) to
the action on T given by the non-trivial element in Gal(C/
R), therefore “T’xGal(C/R) for this action is the L-group
of T. To ¢ is (by the Langlands correspondance, see Bo)
associated a continuous regular character A, of T(R) and
so a discrete series reprsentation o of G(R). This belongs
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to [1(¢), and we have
Yreniy) <1, > tr (') = €. <N(S), Mo> Znenqy) <1, > tr w(f°)
(for e, and <, > see 3.7).

We can replace the isomorphism X:(T) < X*(*T°) by
the composite with a ® € Q(*G°, "'T°) = Q(G(C), T(C))
(because the action of ® on T is defined over R). If we do
so, we must multiply ! and <n(s), m> by x({®}) = +1,
where « is the character of H'(R, T) = no(*T* ) determi-
ned by {n(s)} € mo(*T"*)", as we note that Q(G(C), T(C)/
Q(G(R), T(R) = D(T/R) « H'(R, T), and <n(s), n°> =
K({®})<n(s), mo>, here n% is attachad to Aem.

3.7 Let G be a connected reductive Q,-group (v place)
(such that G 1s simply connected), let (H, s, 1) be an en-
doscopic datum for G. Choose an extension n)": "H’xLoy
— "G"%Lq, of n, and choose a transfer factor A,(y, €).
There exists an e, € C*, such that the following is true:
if the function f on G(Q,) and f'! on H(Q,) are connected
by
SO(y, ) = Ad(y, €) Z x(p)-c(Gpe) O(ps, 1)
(sum over p € &(Ge, Qv))
if y is the image of ¢ € G(Q))ss.
0 if y is not the image of any ¢

(here, vy € H(Q\)ss.c.n)reg), then we have for each y €
O(H)emp that @ =n'oy € O(G):

ZT[EH(\U) <1, ™ tr T[(fH) =€y ZT[EH(\U) <T'|(S), T {r T[(f),

<, > is the usual pairing {,xI1(¢p) — C, where {, = S,/
(S)’Z = m(Sy/Z) and S, = {g € "G" | ad(g)°p = 9}, <, >
is not canonical, but this does not matter, since the global

<, >, which is the product of all the local <, >, is cano-
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nical.

For a given function f on G(Q,) (smooth and of com-
pact support), we can construct a function f' on H(Qy),
such that f and f" are connected as above (see LL for G =
GL(2), LS2 for G a form of SL(3) and Sh for v = o).

3.8 Let G, f9be as in 3.6, and let ¢ € O(G)emp. If Zrcrio)
tr 1(f%) £ 0, then ¢ is elliptic, and II(¢) is the L-packet of
discrete series representations of G(R) associated to one
of the absolutly irreducible components &) of £'. Fur-
thermore we have Z.cn) tr ©(f%) = (-1)? - the multiplicity
of &gy in &” (this result is used only in the conclusion).

Let G, H, f be as in 3.4, and let y € O(H)emp. If Zrcriy)
tr 1(f%) £ 0, then y and ¢ = n'oy are elliptic (and so ¢ is
admissible for G).

Let G, H be as in 3.7, and let the function ¢" on H(Q\)
be connected with the characteristic function ¢ of K
(compact open subgroup of G (Qy)). If Zreny) <1, > tr
n(¢") £ 0, then ¢ = n'oy is admissible for G.

3.9 Let G be as in this paper, and let (H, s, n) € &. Lety
€ H(Q)e(6.m-reg and € € G(Q). be such that y is the image
of €. Choose the local transfer factors A, (, ), such that
Au(y, €) =1 for almost all places v and I1, Au(y, €) = 1.
Then e, = 1 for almost all places v and I, e, = 1.

3.10 We assume that (a sufficiently large part of) the
Langlands correspondance has been constructed - that is,
for a given reductive algebraic group, we have a map (ha-
ving the expected properties) from the equivalence clas-
ses of admissible homomorphisms from the Weil- (or rat-
her the Langlands-) group into the L-group associated to
the group to the L-packets of representations of the group
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- the map 1s a bijection in the local case and maps to auto-
morphic representations in the global case.

Let G be a connected reductive Q-group, let ¢Z be a clo-
sed subgroup of Z(A) of the form Il Z, (Z center of G)
such that (ZZ(Q) is closed in Z(A) and (ZZ(Q)\Z(A) is
compact, let x be a character of ((ZNZ(Q))\wZ, and let ®
(G). be the set of (equivalence classes of) elliptic tem-
pered admissible homomorphisms ¢: Ly — "G"%Lg, such
that x,l0Z =y (Lq 1s the Langlands group, it is an extensi-
on of Wy by a compact group, see L5 and K3). Then the
stable tempered cuspidal part of the trace 1s (K3)

dw-l 2 ped(Gye Zrell(n) Nx T n(f)

- d, 1s the number of (global) equivalence classes in the
local equivalence class of ¢ (d, different classes of @ (G).
parametrize I1(¢)), and n, = d,”" I{,I"' <1, ®> is the "stable
multiplicity" of « - f is assumed to be of the form f=1I, f,
and to satisfy f(zg) = x(z)'f(g) for z € ¢Z, and 1(f) = [z
n(g)f(g) dg) (for all this see LL).

This part of the stable trace is "contained" in the stable
elliptic part of the trace.



Conclusion

The fixed prime number p in this paper is assumed to be
such that E is unramified at p, K, is hyperspecial, and that
S (K) has good reduction at p for plp. If S(K) has not
good reduction at p, the action of Wg, on H'4(S(K),
C(K)ar) (via Wi, < Gal(E,/E,), see 1.1) need not be unra-
mified (that is, trivial on Ig, or factorize through Wg, —
Gal (E™,/E,) = Gal(x/x)), therefore the action of a Frobe-
nius of Wg, is not necessarily well defined, but it is on
H'« (S(K), C(K)a)™?, thus the local zeta function of
(S(K), &) at p could be defined by substituting this space
in the co-homology formula of 1.1.

We expect that all the local zeta functions (as well as
the remaining part of (14) for good p) can be expressed in
terms of L-functions of a form not very different from
that of (14).

The Hasse-Weil zeta function of (S(K), &) is the inverse
product of the local zeta functions at all the finite places
of E, and this should thus have an expression in terms of
L-functions. However, in order to get a more appropriate
form of this expression as well as a more appropriate
form of the functional equation, which we expect the zeta
function to satisfy, we will multiply the Hasse-Weil zeta
function by local "zeta functions" also at the infinite pla-
ces of E. We will define these local zeta functions, such
that (14) remains true at infinity. After this we will make
a bid for the final form of the expression of the zeta func-
tion in terms of L-functions and for the functional equati-
on.

We can get an idea for the definition of the local zeta
funtions at infinity by studying the cohomology formula
for the local zeta function at a finite place where the re-

65



duction 1s good. We do in fact observe that we obtain the
same cohomology groups, if we first reduce V (Z/£"Z)
PkxoS(Ko) — S(K) modulo p - Gal(i/x) acts on these co-
homology groups and in the formula we interpret ®, as
the Frobenius in Gal(i/x). If we base change V(Z/"Z)®x
ko S(K) — S(K) via an imbedding v: E — C (an infinite
place), the corresponding sheaf over S.(K)(C) (= (S(K)
®,C)(C)) appears by tensoring by Z/€"Z a locally free
sheaf of Z-modules over S,(K)(C) (see the final remark in
1.1). If we instead tensorize that sheaf by Q, we get a lo-
cally free sheaf of Q-vector spaces F:,(K) over Sy(K)(C).
We can define a representation p'; of WyE; on the Q-vector
space H'(Sy(K), F:(K))®,C (rational cohomology) for i =
0, 1, ..., 2d (d = dimS(K)) by letting the action of C* be
given by the Hodge structure (that is, by the product of
the action z — z Pz on a subspace of type (p, q) and the
action z —" &t h(z) on "V« in the notation below), if v(E)
c R the complex conjugation on S,(K) induces an action
1* on cohomology mapping a subspace of type (p, q) to a
subspace of type (q, p), and the action of t on such a sub-
space is taken to be (-1)"1* (or if we like #"%*). By indu-
cing pi' to W= we get a representation p; of Wr. This defi-
nition is motivated by the considerations below. The zeta
function of (S(K), &) at the infinite place v should now be
defined by

Z(S, SV(K), FE_\,V(K))) = Hi:12d L(S, pi)(_])A(iH)

(for the definition of the L-function L(s, p) for p a repre-
sentation of W see Ta).

Sy(K) is conjectured to be the Shimura variety associa-
ted to *G, "X, 'K defined in the following way: Lang-
lands has constructed an extension of the connected Serre
group S’ (denoted S in 3.1)
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S’ — S — Gal(Q/Q)

with a continuos splitting sp: Gal(Q/Q) — S(A¢) (see LS
or MSI - the action of Gal(Q/Q) on S° defined by this
extension is the algebraic action - S is the Serre group,
that is, the Q-rational pro-algebraic group associated to
the neutral Tannakian category CMg of motives over Q
generated by the abelian varieties over Q of potential
CM-type, the Tate object and the Artin motives (D3) - it
is conjectured that for a motive in CMg, the action of T €
Gal(Q/Q) on the cohomology is given by the action (on
the representation space) of sp(t) € S(Ay)). For t € Gal
(Q/Q) the extension defines an element c(t) € H(Q, S°)
(by 6 — a''o(a) if a € S(Q) maps to 1), the existence of
the splitting implies that ¢(t) is trivial at each finite place.
Let T € Gal(Q/Q) be such that v is the chosen imbedding
E — Q composed with 1 (recall that E is Galois), and let
(T, h, 1) be a special point of S(K)(C) (see 3.1). Let T* be
the image of T in G*, and let u** € X«(T*) be the projec-
tion of p =, € X«(T), then (because T= is fundamental in
Gr) u* satisfies the Serre condition (t - 1)(t + 1)u* =0
for each T € Gal(Q/Q) (1is a non-trivial element in Gal
(C/R)), therefore there is a unique Q-rational homomor-
phism y: S” — T*, such that yepo = p* (o is the canonical
cocharacter of S°). The image of ¢(t) in H'(Q, G*) by y,
defines an inner twisting *G of G which is trivial at each
finite place and determined by (tu - p)(-1) € T(C) at in-
finity, and *G is conjectured to be independent of the cho-
ice of T and the special point. T is also a Cartan subgroup
of 'G, and if th: S — T= 1s the uniquely determined R-ho-
momorphism for which p., = T and "X, is the "G(R)-con-
jugacy class of homomorphisms S — "G containing th,
then "X, is independent of the choice of T and the special
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point, and "G, "X, satisfies the conditions for G, X, in LI
If we let 'K be the image of K by the canonical isomor-
phism G(Ar) — "G(Ay), the Shimura variety associated
to 'G, "X, and *K should be S,(K). If we twist the repre-
sentation space V of & in the same way as G, we get a ra-
tional representation ‘¢ of G on "V, and the sheaf F:(K)
over SK)(C) is "V(Q)xyvr)e' G(A )/ K'K ('K is the
centralizer of th in *G(R)).

By the theory of continouos cohomology we have

H(Sy(K)(C), Feu(K)®:C = @ H('ge, Ko, "ERM)O; (*)

where the sum is taken over the irreducible representati-
ons 7 of "G(A) which occur (discretely) in L*("G(Q)Z(R)
Zx\"G(A))) (of course only those for which the action of
Z(R) is given by the character v'' and the action of Zx is
trivial and counted with multiplicity), 'g.. is the Lie alge-
bra of "G(R)/Z(R) and "K.. = "K./Z(R) (BW, VII, Theorem
5.2). The action of Wy respects this decomposition (and
is trivial on m'%).

If ¢ € ®(G). contributes to (14), m(I1.) # 0, this implies
(since @ 1s essentially tempered) that Il is the L-packet
of discrete series representations of G(R) associated to
one of the absolutely irreducible components of &', If this
component is denoted &1, (so that the representations in
IT.. have the same infinitesimal character as &'ni..), we ha-
ve m(IL,) = (-1)* - the multiplicity of &', in &' (see 3.8).
Such a ¢ belongs to ®('G). for each (because ¢ is ellip-
tic) and contributes to (*) but only to the middle cohomo-
logy (that is, 1 = d = dim S(K) - BW, II, Theorem 5.3 and
5.4).

Conversely, if ¢ € ®('G)., it contributes at most to the
middle cohomology of (*), and if it contributes, [1(¢..) is
one of the above 1-packets (BW, III, Theorem 5.1), there-
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fore m(Il.) # 0, and since ¢ € ®(G)., ¢ contributes to
(14).

The total tempered elliptic contribution to the zeta func-
tion at infinity is precisely the term Ilyco@)e ... of (14)
where m, is replaced by IT", = I1(\y..). This is an immedia-
te consequence of the equivalence of representations of
We:

rH’ivo\ljoo = |'|d/2'Ind(WR, W@, p'd|®Hd(V§o@, VKOO, Vél‘[oo@ﬂ:oo))
(sum over & € I1",,)

- 1y 1s defined in the same way as r,; in 1.12, that is, cho-
ose T € Gal(Q/Q), such that v is the chosen imbedding
composed with 1, since T normalizes Gal(Q/E), 1xt €
LG"xGal (Q/Q) normalizes “G°xGal(Q/E), and if we re-
strict °re ad(1x1) to “G"xGal(C/R) (or if E is not real, to
*G® and then induce to "GxGal(C/R)) and lift to “G'xW-x,
we get 1., || is the character z — zz of W or Wz. We shall
use that the multiplicity of & € II(9) (¢ € ®('G).) in L
('G(Q) Z(R)Zx\'G(A)) is d, I,I"" = <s, m> (sum over s €
C,) that ™ "H’xW: = @, r™, and that <s, IT"> = <s,

I, .>).

[Proof of the above equivalence of representations of Wr
- we use the terminology of 1.12:

We assume first that v is the chosen imbedding. Let 9,
be the half sum of the positive roots of Ty in G for the or-
der making Ay € X«("T,)®R dominant, and let yo € X*
(To) be the highest weight of "€, w.r.t. this order. Then Ay
=Yo + 60.

Let G(R)" = To(R)Guer(R)" = Z(R)G(R)". The represen-
tation € Il attached to A € Q, is obtained by inducing
to G(R) the discrete series representation of G(R)" atta-
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ched to A. The restriction of @ to G(R)" is the direct sum
of the representations of G(R)" attached to Q(G(R), To(R))
‘A. For m # ' these two sets of representations of G(R)’
are disjoint. The set of representations of G(R)" attached
to the set of characters Q, has the same cardinality as €,.
A one-to-one correspondance is established by letting p =
oL correspond to the representation attached to w™'Ay (=
7\.0‘0)).

If 9..(T) = nxt (n € Normiao(*T?)), we let @ = n*T° € Q
(*G° "T°), and for u € Q, we let p = op, then p=1'p and
w# pif E is real. The operator °r(n) - denoted by u — nu -
transforms the weight space corresponding to p to that
corresponding to p. If E is real and " is the representation
of G(R)" attached to A € ;, we let " be that attached to
oA (we note that o € Q(G(R), To(R)) (MS2, Corollary
4.3), therefore " and ©" induce to the same representation
of G(R)), if n" corresponds to u then ©" corresponds to .

For p € Q, let C, be the restriction of *ro./Wc to the
weight space of ’r corresponding to p, and let C,®C; be
the representation of Wr given on W as C,&@C, and let t
act as u@®p — 1(n) u®np. Then we have

Oro/We ~ @C, (sum over p € Q,)
and
o, ~ @(C,DC;) if E 1is real

(sumover L € Qu/~, W' ~p< W' =p)

@®(C,@DC,) if E 1s not real

(sum over p € Q).

If we induce C, to Wz, we get a representation on C,D

C.: z € C*acts as z®z and T acts as udu' — (-1)u'u.

This representation is equivalent to C,&C; (an equivalen-
ce is given by u®u' — udnp'). Therefore, we have, if E
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1s not real:
roQs ~ Ind(Wz, We, ro@.lWe).

If 7" is the representation of G(R)" corresponding to p,
192 p'g HY (g0, Kor, @) We is equivalent to C,, and if E
is real 1192 p'y H(g0, Kov, En®(m'@m)) is equivalent to
Cu®Cy (if the Cartan decomposition of g.. determined by
ad ho(i) is k.®p, then H(g.., K., &m.®n") = Homg.(A%pe,
En-®m) and this space is one-dimensional (BW, II,Theo-
rem 5.3) of type (p, q) with p =d/2 - <u, 80>, and q = d/2
+ <u, 80>, and the Hodge structure is given by z — z?7z
with p'=d/2 - <p, A¢>, and q' = d/2 - <p, V'Ap>. If E is re-
al, v* maps H'(g., K., £n.®1) to HY(g., Ko, &n.®m’), and
if n € G(R) represents ® € Q(G(R), To(R)), 1* is determi-
ned by the map on A% given by ad(n) and the map &1,
T — E.®n given by (En.®m)(n), (tis 7 (or ') induced
to G(R)), this operator intertwines Em.®n" and (§n.Qm)
°(ad(n)).

We conclude that

Oro@o | We ~ 1192 p' @HY (g0, Koo, Erro®m) W
and if E is real -
ro@s ~ [ p'«®HY(gx, Koo, Er@m)

(sum over t € IL.). By inducing in the first case for (E
not real) we have in both cases

ro@., ~ 142 Ind(W=, Wg, p'a®H%(g., Kor, Er.®)).

It is clear from the definition of the correspondance €,
« {n°} and of r' and I1™,, that this equivalence respects
our decomposition when restricting to "H*xW-x.

The formulas for v, not the chosen imbedding, is now
an immediate consequence of the fact that (To)(R) is also
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a fundamental of Cartan subgroup of "G(R), and that if '
(as a representation of G(R)") corresponds to p € €, then
7 (as a representation of '"G(R)") corresponds to T € Qv
if v is the chosen imbedding composed with T € Gal(Q/

Q)]

Almost all the statements in the following are conjec-
tures - a reference 1s given, if the conjecture is not a fabri-
cation of mine.

Let IT be a L-packet of representations of G(A), that is,
[T is the restricted product over all places v of Q of L-pac-
kets IT, of representations of G(Qy), almost all IT, are de-
manded to contain an unique representation which con-
tains the trivial representation of K, - we identify {n,} €
[T and ®, m,. I1 is automorphic, if some &t € I1 is automor-
phic. If some & € IT occurs (discretely) in L*(G(Q) Z(R)\
G(A)), then the same is true for every automorphic © €
I1. I1 is cuspidal, if some m € I1 is cuspidal, then every
automorphic ©t € Il is cuspidal. I1 is isobaric, if I1 =1I (o)
for some ¢ € ®(G), then II is automorphic (follows from
the proposition of L4, if we have proved that [1(¢) is cus-
pidal for o elliptic). I1 is anomalous, if it is automorphic
but not isobaric. For G = GL(n), II is always singleton
(Bo), and I1 is isobaric, if it is cuspidal (conjecture B of
L5 and the conjecture (also of L5) that a tempered L-pac-
ket is of the form II(¢), in fact, a cuspidal representation
of GL(n, A) is per definition isobaric in L5).

To every pair (M, IT°) (up to conjugation by an element
of G(Q)) where M is a Q-Levy subgroup of G and IT’ is a
cuspidal L-packet of representations of M(A), we can
construct a set IT1(M, T1°) of automorphic L-packets of re-
presentations of G(A): for each place v of Q, the set
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{n| 3o e II%: n is a constituent of Ind(G(Q,), P(Q,), ©)
(P some Q-parabolic subgroup of G containing M as a
Levy subgroup)} is a finite union of L-packets of repre-
sentations of G(Qy), IT% lifted to G(Q,) (via "M, < "G, (in
the following we let "G denote "G"x...) and the principle
of functoriality) is one of these L-packets (the inductive
property of the (conjectural) Langlands correspondance),
and this satisfies the above condition for almost all v, we
can therefore form the restricted products of all combina-
tions of these local L-packets - every such (global) L-pac-
ket 1s automorphic (proved in L4). Every automorphic L-
packet belongs to II(M, I1°) for some (M, I1°) (proved in
L4), and the sets TI(M, T1°) are disjoint (conjecture A of
L5 for G = GL(n)). IT° lifted to G(A) is a L-packet in
II(M, IT°), it is denoted by IT(M, I1°). If IT is isobaric, then
IT = II(M, I1°), where, if IT = I1(p), M is the Levy sub-
group of G corresponding to the minimal relevant Levy
subgroup "M of "G containing Im ¢, and IT° = II(¢@w) for
¢om = ¢ regarded as mapping into "M (the definition of the
principle of functoriality). For G = GL(n), the isobaric L-
packet are precisely those of the form II(M, I1°) (because
IT° is always isobaric).

A L-packet I1 is tempered, if it is automorphic and each
I1, is tempered, then IT is isobaric (L5) (the corresponding
¢ is tempered and conversely) and the set II(M, I1°) is
singleton (= {I1}) (if an irreducible tempered representa-
tion of a (local) Levy subgroup is induced, the constitu-
ents should belong to the same L-packet).

If the automorphic L-packet I1 is isobaric, say IT = I1(o)
for ¢ € ®(G), we expect that the group {, = m(S,/Z) and
the pairing <, >: {,xI1 — C control the automorphic re-
presentations t € II: the multiplicity, with which T occur
in the space of automorphic forms, is d, I, T <s, ©>
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(sum over s € {,), here d, is the number of (global) equi-
valence classes in the local equivalence class containing
¢. If IT is anomalous, I guess that the automorphic repre-
sentations in IT are controlled by a group of the same ty-
pe: we can find a ¢ (belonging to ®(G") for some inner
form G' of G), such that I1(¢p) and IT are equal at almost
all places and a pairing <, >: {,xII — C having the above
property.

According to the theory of Arthur (A1) the L-packets I1
which "occur" in the regular representation of G(A) sho-
uld be parametrized by "admissible" homomorphisms ¢:
LoxSLy(C) — "G in the same way as the isobaric IT are
parametrized by admissible homomorphisms ¢: Ly — "G,
however, different IT can be associated to the same ¢, but
these IT belong to the same set ITI(M, T1°): the ¢ parametri-
zes some of these sets. The ¢ € ®(G') associated to I1 is
in this case given by o(w) = ¢(w, dia(lwl”, lwl™)), and the
association ¢ — ¢ is injective. If ¢ € ®(G), TI(¢) is asso-
ciated to ¢ (and is the isobaric L-packet (that is TI(M, I1°))
in the set IT(M, I1°) associated to ¢, for G = GL(n), I1(¢)
is the only L-packet associated to ¢). In the definition of
admissibility it is required that ¢IL is essentially tempe-
red (for @ISL*(C) trivial, IT(¢/Ly) is the (only) L-packet
associated to ¢). We let ®(G) denote the set (of equiva-
lence classes) of Arthur parametres.

There is a sign character €;: (oxIT — {£1}, and there
should be a pairing <, >": {;xII — C such that the mul-
tiplicity, with which € IT occurs in the regular represen-
tation, is d; 151" T <s, m>' (sum over s € ;). IT occurs dis-
cretely in L(G(Q)Z(R)\G(A)) iff ¢ is elliptic. We let s,
denote ¢(1x(-1)) € S; and its image in ;. S; is a sub-
group of S, and the homomorphism {; — , is surjective
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(and maps s, to 1). We define a new pairing <, >: (<11
— C by <s, > = Ya(gy(s) <s, T>' + £4(sS;) <SSy, ™>'"), then
the multiplicity formula reads d; IGI" = <s, ©> = d, 1§,/
X <s, m> (sum over s € (g, {o) (<, > should factorize
through Go — Gy).

If p € ®(G) and s € S;, we can (in the same way as in
1.14) construct an endoscopic datum (H, s, 1) (up to iso-
morphism) and a y € ¢®(H) such that n(s) = s and 'y ~
¢. This construction determines an equivalence relation ~
on S;: s ~ s' the < constructed (H, s, 1) and v are the
same. We let {;* = Sy/~, this set is finite, and the projec-
tion S, — (,/conjugation should factorize through S; —
(., thus we have a projection {,* — (,/conjugation. The
same construction applies to ¢ € ®(G), s € S,.

If ¢ is associated to ¢, we have an injection {g* — {,*.
If g € O(G). (e = elliptic), & = Sy/Z, and this group and
(o are abelian. The image of {;* = {, in {,* 1s denoted
(Cw*)ﬂ

Proposition 11.3.2 of K3 (see 1.14) should remain true
for ¢ € ®(G)., and also the (conjectural) considerations at
the end of that paper: if ¢ € ®(G)., its contribution to the
trace Xr- Lren My tr (@) (¢ a function on G(A)) can be
stabilized as:

Zrsmee G, H) 2 Zrenm 0y tr (™),

here IT" runs over the automorphic L-packets of represen-
tations of H(A) which lift to some IT associated to @, ¢"
is a function on H(A\) connected with ¢ (see 3.7, in the
formula there we must replace ®(G)emp by (G), D(H)iemp
by ®(H), <1, ©> by <sy, ©', <n(s), > by <n(s)s, 1>,
and the summation must be taken over all IT" resp. IT as-
sociated to y resp. @) and n, = dy 1§ & <sy, ™' is the
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stable multiplicity of .
Now I can state the complete form of the expression for
the zeta function in terms of L-functions:

I e gomyr (Hee 1y (I L(s - d/2, wu, 1)) (%)
a =g m(IT%) d, I(§*)d"!
b = Zutenr <s, I, @mne> tr nd@)

(here and in some of the following formulas we should
strictly speaking change the sign in m(IT1°..), since we ha-
ve defined the zeta function as the inverse product of the
local zeta functions). In the formula I1 runs over the L-
packets of representations of G(A) occuring (discretely)
in L*(G(Q) Z(R)\G(A)) (and for which Z(R) and Zx act
as usual). ¢ (e ®(G")) is associated to IT as above. Let ¢
€ ®(G). be an Arthur parameter of II, we can assume that
¢(We) c "'T°®We. The centralizer "M° of ¢..(Wc) in "G°
is a Levy subgroup (containing “T°), and if ¢..(z) = z*z**
xZ (A € X«(Zimo)®R), A determines a parabolic sub-
group "P° of 'G° with "M" as Levy subgroup, @.(t) deter-
mines an action of Gal(C/R) on "M, If ¢'y € ®(M) para-
metrizes the "trivial" discrete series representation of
M(R), then ¢°,: Wz ="M 'M’xWz —* "G"xW5 (a = idx
¢../Wz) belongs to ®(G'..) (G'» quasi-split form of G..).
We can restrict our attention to those ¢ for which ¢.. and
0., are elliptic (and (1, {1 1/0 1}) is regular uni-potent
in "M°), and we let I1°, = I1(¢"..). To ¢ and s € ({,*)r we
construct a (H, s, ) and a y € ®(H) as above. Define po
e X*(*T% as in 1.9 ((H, s, n) need not be elliptic at infi-
nity, but we can restrict our attention to those ¢ for which
Ty can be chosen elliptic at infinity) and define p, € X*
(“T% (from ¢°,) as in 1.12, then n = (1 - pno)(s) and HA(s)
= {(L- o)) I n e Q,} (croots of unity). A n.. € Il (for
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which <s, n.>' # 0 for some s € Sy.) 1s constructed from
a Levy subgroup M of G= and a parabolic subgroup P of
Gc containing M as Levy subgroup. We can choose a fun-
damental Cartan subgroup T of G contained in M and a
h e X., factoring through T. The L-group of M is "M’x
Gal(C/R), 1n this construction we have chosen an 1somor-
phism X«(T) <> X*(*T°) "transforming" P to "“P°. To 7., we
associate the element 1' = (W - Wo)(s) € H4(S) = {(1 - o)
(s) I'n e Q,} (this is well defined), and this association
determines a disjoint family of subsets I1",, < I1., (IT",, can
be empty), we let I[T"*, = {m, € IT",| pu(sy) = €}. We have
a bijection JAS) <> H4(s) given by i — 1' = in. If "M resp.
"M" is the minimal Levy subgroup of "G resp. "H contai-
ning Im ¢ resp. Im vy, then s, € Zyum resp. Zomn and s, de-
termines a +-decomposition of rlLy resp. r™I"M".

The proof is an immediate generalizasion of step (10)-
(14) in section 2: In (10) we shall replace ®(H). by ®(H).,
I1(y) by X (sum over IT" ~ y) and <1, ©> by &y(sy) <sy,
©>'. m(IL.) must be replaced by X X <sy, ©>' tr n(f%) (sum
over I ~ ¢.., m € I1°.), and this should be equal to <s.,
" tn(Sg.) m(IL"), where 7. (arbitrary) is associated to
@.. A similar change of m(IT"..). We note the generaliza-
tions of 3.6 and 3.7. In (14) we shall incorporate €,(ssy)
and X (sum over IT ~ ¢) and replace <s, > by < ss;, ™'
(we use that €,(sy) = €4,(ssy)). We have a bijection {i €
HAs) T, £ 0} — {i' € Hssy) I 7. £ 0} given by i — 1
= glo(Sy)1. Now the formula follows from the fact that
reoyy = oy’ and

Va(eg(ssy) <s, IIM.>' T <ssg, ' tr (@)
+ (g5(s) <ssg, [TM.>"' T <s, > tr 1)
= <sp, T>' X <s, [I", @mue>' tr ()
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(sum over m; € Iy),

where ., (arbitrary) e II"*... Of course this "proof" works
only locally at primes p satisfying our conditions in this
paper.

Now we will compare this formula with a formula for
the zeta function obtained from a decomposition of the
¢tal cohomology parametrized by representations analo-
gous to that of the rational cohomology used in our proof
of (14) at the infinete place.

G(Ay) and so the Hecke algebra at H(G(Ar), K) (with
coefficients in Q resp. Q) acts on H'(S(K)(C), F«(K)) and
Hia(S(K)(0), &(K)or) (i g € G(Ay) and K' =KNgKg',
we have two morphisms S(K') — S(K) (defined over E)
a) by right multiplication by g and b) by inclusion, these
induce maps on cohomology:

H'(S(K)(C), F«(K)) — H(S(K')(C), F(K')) —
H'(S(K)(C), F«(K))
and
H'«(S(K)(C), C(K)ar) = He(S(K')(C), CdK')or) —
H'«(S(K)(C), C(K)ao),
the left maps because the inverse image by a) of F¢(K)
resp. ((K) is Fe(K") resp. (:(K"), the right maps because
we have a map from the direct image by b) of ((K") resp.
C(K) to F¢(K) resp. C«(K)). B |
The actions of H(G(Ay¥), K)o and Gal(E/E) on H'
(S(K)(C), L«(K)qe) commute and lead to a decomposition

Ha(S(K), C(K)o)®Q = @ X' (1..) O W (1)

( as before), X'(n..) is a Gal(E/E)-module and depends
on 1, W(my) is an irreducible H(G(As), K)qr-module. If we
choose an imbedding Q; — C and tensorize both sides,
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we get the former decomposition of H'(S(K), Fx(K))®.C
(X'(1..)®3.C = H(g., K., E®m..) and W(m)®z.C = 1), in
fact, we have obtained the decomposition of H'«(S(K),
((K)o)®Q, by first decomposing into irreducible H(G
(Ay), K)gi-modules and then comparing it with the de-
composition of H(S(K), F«(K))®.C.

If the L-packet IT contributes to the above sum and .. €
IL., then if © = 7. @ contributes to the sum for some 7ir €
I, we expect that the Gal(E/E)-module X'(n.,) is indepen-
dent of the choice of &; in Il;, hence we can define the Gal
(E/E)-module X'(IL.) = ®moeri X'(11,) (depending on IT).

For every finite place v of E we thus have (for { #v) a
A-adic representation p"\(IL.) of Wk, (via Wg, — Gal(E./
E.)) on X'(IL.,) (X(II.,) should be replaced by a vector
space over some finite extension of Q¢), and for every in-
finite place v of E we have the former (complex) repre-
sentation p"\(IL,) of W, on X'(I1..) ®z.C. By inducing,
we have a representation p',(Il..) of W (v the place of Q
divided by v).

This decomposition of the cohomology imply:

Z(s, S(K), &) = I, T IT; (IT, L(s, ply(7r..))m =1
= Iy I T IT,; (TT, L(s, phu(IT,.))H) D
(s € (Co™)r, 1 € Ho(s), e ==£1),

where a = d, (™)™ Zore ne<s, 1. @ne> tr nd@)), and
thus we should have (in order to deduce this we must in-
corporate a dependence of the Hecke algebra in the zeta
function, see BL):
Hn~6 l_[j (HV L(Sp pJV(HOO)))
= L(S - d/za Owm, rg)\m(ﬂowﬂ ((_1)d+J = 8)7
if <1, m> # 0 for some of the m associated to ¢ for which
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Un(Sy) = € (7 — ), here both sides should decompose in
accordance with i, that is, the subsets IT'",, of I, and the
constituents r™ of r restricted to “H - we expect that if 7.,
contributes to the cohomology of degree j, then (-1)* =
Hr(Sq)-

The A-adic representation

Srp ® pI(IL) (-1 =¢)

of W, (via W — Gal(E/E) and inducing) should thus
correspond (locally) to the complex representation

(T2 1o

of L (for this correspondance see Ta - at an infinite place
p'(IL;) must be defined as earlier and is actually complex
- strictly speaking a A-adic representation must be repla-
ced by its d-semi-simplificaton).

If ¢ € O(G). 1s such that an associated L-packet IT con-
tributes to H's(S(K), (K)o )®Q for some X.. (c {S —
Gz}), K and &, then the (A-adic) representation @, @;
p'(IL.) ((-1)*7 =€) of Wc should be the Im(IT’)I-fold of a
representation pg.w... which should depend only on ¢, X.,
and €, but which should be independent of £ and K, and
this should correspond to the (complex) representation
-2 reom of Lg (in particular dim pgwsw, = dim 1) - we
expect that m(I1%) = (-1) - the multiplicity of the absolu-
tely irreducible constituent of ‘€ having the same infinite-
simal (and central) character as IT’.. Otherwise stating:
the (isobaric) representation of GL(n, A) (n = dim pywe.)
corresponding to p,w«,. (by the Langlands correspondan-
ce) should be Idetl¥* - the representation of GL(n, A) (n =
dim r.) obtained by lifting the (cuspidal) L-packet IT° =
ITI(pwm) of representations of M'(A) via r.: "M' — GL(n,
C), here "M' is the minimal (relevant w.r.t. G") Levy sub-
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group of “G containing Im ¢, and M' is the Levy sub-
group of G' corresponding to “M' (this is proved in L1 for
G = GL(2) and =& cuspidal, but only locally for some types
of m, - for this G the Shimura variety is not compact, so a
generalization of our theory is necessary, see below, see
also BL, HLR and Ra).

The point is now that the dependence of this representa-
tion of GL(n, A) on the Shimura variety, that is on X,
should be reflexed only in r (which is constructed from
Xx), so that ¢ € ®(G') should be independent of S(K) and
in fact should be the ¢ which we earlier have associated
to I1.

Since a L-function L(s, ¢, r) is known to converge abso-
lutely for Re s sufficiently large, to extend meromorphic
and to satisfy the functional equation L(s, ¢',r) = &(s, ¢, 1)
L(I - s, ", r) (" is the contragredient of ¢, for the defini-
tion of (s, ¢, r) and for a proof see Ta), the zeta function
(which we have regarded as a formal power series) sho-
uld converge absolutely for Re s sufficiently large, extend
meromorphic and satisfy a functional equation, in fact,
this functional equation seems to have the expected form
Z(s, M) = ¢(s, M) Z(1 - s, ‘M) (M is a motive over an al-
gebraic number field, and "M is the dual motive, see Ta
and D2):

Z(s, S(K), &) = &(s, S(K), ) Z(1 - 5, S(K), '€

(M(d) = M®T® - the Tate object, thus Z(s, M(d)) = Z(s +
d, M)). If M(S(K), &) is the motive associated to (S(K), &),
the motive which we here associate to (S(K), &) is @;
(-1)"'M(S(K), &). We should have "M'(S(K), &) =
M>H(S(K)(d), ‘&) = M(S(K)(i), "E), and so the homo-
geneous functional equation
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Zi(s, S(K), &) = €(s, S(K), &) Z(i + 1 - s, S(K), “€).

The functional equation follows from the fact that (the
global) &(s, V) is additive and that we (by the above) have

Mg I &(s, p'(TL) 7 (DT =¢)
=¢(s - d/2, @u, 1)* ™M),

If S(K) 1s not proper (that is, G.q 1S not anisotropic over
Q), we can still easily define a zeta function. But a defini-
tion which is appropriate for an expression of the zeta
function in terms of L-functions require some preliminary
work.

If S (K) has "good" reduction at p, that is, if S,(K) is
defined and smooth, we have (by the Lefschetz fixed po-
int formula)

exp Zi” 0,1/} 1S ,(K)()
= T, det(1 - lw,I* ®,H(S(K), Q) D,

The left hand side is clearly a Q-rational function of lw,l°,
but if S,(K) is not proper, we can not any more prove that
the individual factors on the right have coefficients in Q.
This fact is, hovever, in reality inessential for us, for other
reasons we have to choose another cohomology. In con-
trast to the compact case, the eigenvalues a of the Frobe-
nius action on the cohomology (being algebraic since the
£-adic polynomial has algebraic coefficients) need no mo-
re be "pure", that is, satisfy log, Iv(a)l* € Z for every infi-
nite place v of the solution field - this defect already ap-
pears for GL(2).

It seems as if the cohomology used to define the zeta
function ought to satisfy this purity condition. Also, we
must demand that it have an appropriate decomposition
parametrized by representations like that of the usual (€-
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adic) cohomology for S(K) proper. The existence of such
a cohomology would for instance allow us to prove the
Ramanujan-Petersson conjecture for a L-packet II occu-
ring discretely in L*(G(Q)Z(R)\G(A)): if IL. is discrete
(and almost all I1, have a Whittaker model), then almost
all IT, are (essentially) tempered.

It is natural to choose a suitable compactification S(K)
of S(K) and extend {(K)q( to S(K)g, and to study the ima-
ge of the restriction map H'4(S(K), {:(K)q) — H«(S(K),
C:(K)q), or the image of the map H«(S(K), ((K)qr) —
H'«(S(K), {«(K)ao) (c = compact support). The first coho-
mology is clearly Q-rational and pure, the second is pure,
but the Q-rationallity is unknown. The Hecke algebra
H(G(Ay), K) acts semi-simply on both cohomology spa-
ces, they therefore possess a decomposition into irredu-
cible Hqoe-modules, but this decomposition need not come
from a decomposition parametrized by representations.

It seems as if the intersection cohomology TH'(S(K),
C(K)qo) (references in BL and HLR) is the adequate co-
homology for the definition of the zeta function: the pu-
rity seems present and is proved for S(K) proper, and it
seems to have the correct decomposition property: we ha-
ve ITH'(S(K), {(K)q)®q:C = IH(S(K), Fx(K))®.C, and the
last space seems to be isomorphic to the L*-cohomology
space H»(S(K), F«(K)c) (the conjecture of Zucker), but
the L*-cohomology is isomorphic to the g-#£-cohomolo-
gy, and this seems also in the non-compact case to pos-
sess the decomposition parametrized by representations
occuring discretely in L*(G(Q)Z(R)\G(A)).

In L1, BL and HLR the cases of Hilbert-Blumenthal va-
rieties are treated (G = RespoGL(2), F a real numberfi-
eld). To define the intersection cohomology we let S(K)
be the Satake-Baily-Borel compactification. This is not
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smooth. S(K) and S(K) are defined over Q, and the fron-
tier S(K). = S(K)\S(K) is finite. If K = K,,, S(K) is defined
over spec (Z[1/n]), and there is an open subset W of spec
(Z[1/n]) such that S(K) restricted to W has a compactifi-
cation which after base-change by spec(Q) — W becomes
S(K), we can also construct a smooth compactification of
S(K) over spec(Z[1/n]) which over W is a resolution of
singularities of S(K).

The expression (**)for the zeta function in terms of L-
functions should hold also in the non-compact case. In the
proof a non-elliptic part of the trace comes into play, that
is, a part coming from other parabolic subgroups of G
than G. This part is the contribution to the sum (1) from
the frontier S,(K)... For the above Shimura varieties this
contribution is only non-zero for F = Q, the case studied
in L1

All the existing proofs of special (multidimensional) ca-
ses of formula (**) - where S(K) thus may be noncom-
pact, and where the reduction at p may be bad - have a lo-
ok like our proof in this paper. It is always assumed that
S,(K) exists for plp and K, is maxiinal compact. Such a
proof will, however, in this generality, strictly speaking,
lead to an expression for the semi-simple zeta function in
terms of semi-simple L-functions (precisely: L*(s - d/2,
i, ') - ym must be replaced by y).

The generalization of our proof can be outlined in the
following way. We have a diagram:

Sp(K)ep = Sp(K) ' S,(K)x
L ! !
spec(E,) — spec(Ogp) «— spec(x).
Let IC'(S,(K)z,, {:(K)a0) be the cochain-complex used to

define the intersection cohomology, and let, for x e S,(K)
84



('), Try; be the alternating trace of the action of the Fro-
benius over k' on the inertia invariants in the sheaves i*H
(G+1C" S (K)p, C:(K)ar)) on S,(K), at the point x (the she-
aves of vanishing cycles - Gal(E,/E) acts on these shea-
ves - it 1s conjectured that the inertia group acts through a
finite factor group). In formula (1) we must replace tr
(®,')x by Try; and sum over S,(K)(i). If we ignore the con-
tribution from the frontier S(K)., to the zeta function (or
assume that it is zero, that is, Trx; = 0 for X € S,(K) (i),
cf. the above remark), we can in formula (2) be content
with replacing I(I,)-\(Y/,xY?)I by £ Tr’%; (sum over x e
A(@, £)(i)), here Tr’ is Tr for & trivial and A4 is defined on
p. ... ,» in formula (3) have to be defined in terms of
Tr’%; (see Ra). In order to get (12) we shall use that tr
m,(f7,)) = (1/§) lw'[*? Zic i - [the semi-simple trace of the
action of the j-th power of a Frobenius on the space of the
£-adic representation associated to the representation

T ewp: LopxSLy(C) — GL(V)].

If we assume that "the monodrony filtration of IH"
(S,(K)g,, Q) is pure" (a conjecture of Deligne, see Ra),
then the proved expression for the semi-simple zeta func-
tion in terms of semi-sinple L-functions should imply our
wanted formula (**).



Appendix
Definition of W and D

Let v be a place (of Q), and let K be a finite Galois ex-
tension of @, then we have an exact sequence

K* — Wy — Gal(K/Qy),

defined by a splitting d, € Wk (€ Gal(K/Qy)), where
dsdedss’ = ds - a 2-cocycle in the fundamental class of K/
Qv - dokds" = o(k) for k € K*. The sequence is determined
up to an isomorphism which in turn is determined up to
conjugation by an element of K*.

If we choose an algebraic closure Q, of Q, containing
K, we have, by forward and backward transform, a gerb

Gu(Qy) — D* — Gal(Q/Qy).

For K c K' (c Q,) we have a natural homomorphism
DX — DX (determined up to conjugation by an element of
Gn(Q,)) given by x — xX*! (on the kernel) and d's — c.ds
if (d's0)™*/ds.c = c50(cs)cso ', and therefore we have a li-
mit D" = _xlim D¥. Of course D* = Gu(C) —> Wz —
Gal(C/R).
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Definition of Zand {: W, — %, {,: D, —» £ and
Czl Gc — ¥

Let p be a prime number. We choose algebrac closures C
of R and Q, of Q,, and we choose imbeddings Q — C and
Q — Q. Let L (¢ Q) be a finite Galois extension of Q,
let v~ be the place of L over oo defined by Lc Q — C
and let p be the place of L over p defined by Lc Q —

Qp.
Letm € N and q =p™. The set

Y(L, m)={m e L*|
for each place v of L over w is [[I, onl™™ = 2@
for some a € Z (o € Gal(L/Q))
for each place v of L over p is ITI, onl = @°
for some b € Z (c € Gal(Ly/Q,))
for each place v of L over { # p is m an unit}

is a subgroup of L™ and Y*(L, m) = Y(L, m)/{units in
Y(L, m)} 1s a finitely generated free group on which Gal
(Q/Q) acts. Let Q(L, m) be the corresponding Q-torus
(that is X*(Q(L, m)) = Y*(L, m)), and let v.., v, € X«(Q
(L, m)) be defined by

<V.., ¥=> = the a in the condition for v="v"

<V, %> = the b in the condition for v = p,
for any m € Y(L, m) - here y; is the character of Q(L, m)
associated to .

We choose imbeddings of exact sequences
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L*-. — Wiz — Gal(L,-/R) ()

! ! !

C. — Wi — Gal(L/Q) (Q)
and

L — Wiy — Gal(L,/Qy) (p)

! | !
C. — Wuo — Gal(L/Q) (Q)

And for v= oo, p and vo = v", p we choose a set S' of
representatives in the cosets Gal(L/Q)/Gal(Ly, /Qy) (such
that 1 € S") and a section {®": |t € S"} of Wrg — Gal(L/
Q) on S (such that o, = 1), and we define a splitting 6 —
o5 of (Q) by s =w":d%s1fd=10(tr € S*, 6 € Gal(Ly
Qv). If {A%,} 1s the 2-cocycle defined by this splitting,
{A%} and {APs,} are cohomologues, then A% 4(APs,)" =
Bs8(Bs)Bso ' for a 1-cochain {B,} in Cr. %, € X+(Q(L, m))
is left fixed by Gal(Ly,/Qv), and we have

¥ o) (sum over ¢ € Gal(L/Q)/Gal(L,-/R))
=-2 oy, (sum over ¢ € Gal(L/Q)/Gal(L,/R)).

If we let n denote this cocharacter of Q(L, m), the 1-co-
chain {E;} in CL®X«(Q(L, m)) defined by

E; = (IT (A%6)"*)(I1 (A%6)**)B",
(product over T € S”, SP)

satisfies
E58(EG)E50_1 = DOOS,GDP5,63

where D%, € IT, Q(L, m)(Ly) is defined by D', = Iy

T"((d%se6v)*), here 1, 7', " € SY and o, 0+ € Gal(L;/Qy)

are given by: 1 is the element in S" associated to v (that is

ltxly = Ixlw), 0T = T'cr and dt' = 1"'6+, T" denotes also the

isomorphism Q(L, m)(Ly) <> Q(L,m)(Ly") defined by t".
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Now if e; € Q(L, m)(Av) is a lifting of E, (with respect
to the projection Q(L, m)(Ar) —» C.®X+(Q(L, m))), we
have

eﬁa(ec)eﬁc-l tS,c = DOOS,GDPS,G,

for a 2-cocycle {ts.} in Q(L, m)(L), this 2-cocycle defines
an exact sequence

Q(L, m)(L) —» #1m — Gal(L/Q)

with a splitting 6 — t, € # L (that is tstotss' = t5,), and
{e.} defines a homomorphism {, of exact sequences

LS — Wi — Gal(Lw/Q))
! ! !
Q(L, m)(Lvo) = (F L) — Gal(Lio/Qy)
by yv on the kernel and d, — (&,IQ(L, m)(L5))ts, and, for
€ # p and imbedding Q — Q¢, a splitting {; of

Q(L, m)(Lp) = (£ 1.m)p — Gal(Ly/Q0)

by 6 — (e./Q(L, m)(Ly))ts, here p is the prime ideal of L
defined by Q — Q.

F1 i is uniquely determined up to an isomorphism
which transforms these local homomorphisms into equi-
valent.

By forward and backward transform we have a gerb

Q(L, m)(Q) — % — Gal(Q/Q)
and local homomorphisms {,: D' — %n (v =0, p), (i
G — Q@Lm (E * p)ﬁ.

For L c L' (c Q) and mim' we have a homomorphism
P — Fn transforming 'y to [L'o:Lyo]yy (v = oo, p), the-
refore we have a limit % «  nlim %, and local homo-
morphisms {o: W — £, (,: D — Land {;: G, — &.
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Definition of £°;: W — Grand &: D — Gr

Let v be a place (of Q), and let Q, be an algebraic closure
of Q,. Let T be a Qy-torus which splits over the Galois ex-
tension L (c Qy) of Qy, and let p € X+«(T).
We define a homomorphism &, of exact sequences
LX — WL/QV — Gal(L/ QV)
! 18 !
T(L) — T(L)xGal(L/Q,) — Gal(L/Q,)

by Z ou (sum over ¢ € Gal(L/Q,)) on the kernel and d; —

IT (d'.5)°**xo (product over & € Gal(L/Qy)).
By forward and backward transform we have a homo-

morphism of gerbs &,: D" — Gr, and by going to limit we
have a homomorphism of gerbs &,: D" — Gr.
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Definition of y,: £ — Gr

Let T be a Q-torus which splits over the Galois extension
L (c Q) of Q, and let p € X«(T). For m € N sufficiently
large we define a homomorphism y,: Q(L, m) — T defi-
ned over Q in the following way: choose a € L such that
(a) = p" (somer € N) (p is the prime ideal of L defined
by Q — Q) and INm,qpal = q (= p™), then

Y = Hsecawoo(a)™ (e T(L))

belongs to T(Q), and for A € X*(T), A(y) belongs to Y(L,
m), therefore y defines a homomorphism X*(T) — X*
(Q(L, m)) which commutes with the action of Gal (L/Q),
then v, is the homomorphism defined by this homomor-
phism of character groups.

For k (e N) sufficiently large we can find a section s of
the projection y: Y(L, m) — X*(Q(L, m)) on kX*(Q(L,
m)) commuting with the action of Gal(L/Q), and for n (e
mkNN) sufficiently large we can find a 8, € Q(L, m)(Q) sa-
tisfying y(8,) = s(ky,)"™ for every © € Y(L, m). 8, is not
uniquely determined, but yx(8,)n™™ is a unit for each m.
{8, | j € Z} is Zariski dense in Q(L, m)(Q).

y, 1s characterized by y.(0mn) = Y" modulo a unit.

Now we will extend y, to a homomorphism of gerbs
Yyt L — Gr.

If, for v= o0, p,

E'% =TI TI (A'%:5)"™ € CL®X+(T)
(products over T € SY, 0 € Gal(Ly/Qv))

and
F =11 B™; e CL®X+(T) (product over § € Gal(L/Q)),
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then E'; belongs to 11y, T(Ly) and we have
Vu(Eo) = &' Fo(F)

where e,' = E%,E"', and if f € T(A) is a lifting of F, then
Vu(es) = so o fo(f),

where s, € T(L). The 1-cochain {s,} satisfies $58(Sc)Sss" =
Vu(t,o) and we define the remaining part of y, (on %1 )
by t; — ssxc. By going to limit we have a homomor-
phism y,: & — Gr of gerbs, it is determined up to compo-
sition with an automorphism of Gr which is locally equi-
valent to the identical automorphism.

We have equivalences

VoG ~ &%, WGy ~ & and oG ~ & (£ £ p),
because
e's T(L,-) = IT (A%5)°™* (product over § € Gal(L,-/R))
e'sIT(L,) = IT (AP+5)°™ (product over & € Gal(L,/Q,))
e'.IT(L,) = 1 for plt, £ #p.
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Definition of ¢ and £ — ¢

If we in the definition of Y (L, m) figuring in the defini-
tion of £ replace the quantity

ITT onl™“"CD (product over 6 € Gal(L/Q))

by
T o™ Y (product over 6 € Gal(L,/Q)),

and in the definition of Y*(L, m) replace
{unity in Y(L, m)} by {roots of unity in Y(L, m)},
then we get a new exact sequence and a homomorphism:

Q(L, m)(L) —» %1m — Gal(L/Q)

l ! !
P(L, m)(L) — p"1.m — Gal(L/Q),

and by forward and backward transform and then going
to limit, we get a gerb  and a homomorphism & — .

A homomorphism y,: £ — Gr as above factorizes thro-
ugh & — g, if p € X«(T) satisfies the Serre condition:

(c-D+ Du=0+1D(c-DHu=0
for each 6 € Gal(L/Q) (1 is the non-trivial element in
Gal(C/R)).
The elements 6, € P(L, m)(Q) (n sufficiently large mul-
tiple of m) are now uniquely determined and y,(5,) = ©"™
for t € Y(L, m), also y,/P(L, m)(Q) is characterized by

YD) = 7"
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